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From “Handbook_of Engty Mechamies” , W. Flugge (edrtor), Mebrow-ail, 1162

Table 61.1. Frequencies and Eigenfunctions for Uniform Beams
Ty Boundary Frequenoy Elgenfunotion Roota of f:equency
p oonditions equation ealx) equ; ion
n
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o) = ¢'(1) = 0 T T aon P\ T Az m  7.8532
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e ] e Far n Inrge,
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[ AVLERY
I y

@(0) = ¢'(0) = 0
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m (dn 4+ Dr/éd
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1)

$(0) = &'(0) = 0
@"(l) = ¢""'(l) = 0

o N Cosh A =~ |
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A P
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¢ () = ") = 0

(An.’l:) G(?\n) (Anx
I"(M)

oS
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Ar = 4 6941
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Frequencies and Eigenfunctions for Uniform Beams (Conlinued)

Roots of frequenoy

Boundary Froquenocy Eigenfunction :
Type conditions equntion dnfx) equ;::.lon
Hinged-gnided ~ ¢(0) = p"(0) = O cog A =0 i (2n - |)1rr An m (20 -~ Da/2
¢'(1) = ¢'(l) = 0 i =
i
i
Guided-guided @'(0) m $M1(0) = 0O ginA = 0 - nw Ay = nm
c [ren——

; i

() = ") = 0

E 3
Freo-frec B7(0) = ¢"”7(0) = 0 cos N Cosh N = | a Az J (M)_ 7 Az Samo as for clamped-
$r() = (1) = 0 7 ) "ot \ T clamped beam
Freo-hingod ¢ (0) = ¢(0) = 0 tan A = Tanh A MI G(Au) ) OF Same as for clamped-
d() = ¢"(D) = 0 T FO ) & binged henm
l-————-"—'—;—%

Froe-guided

i
i

@"(0) = ¢/7(0) = 0
$(l) m (1) = 0

tan A = —Tanh X

Anz Il(hn) & Anz
G(! " Fom ( i )

Same as for clamped-
guided beam

1, The ciroular frequenoy is
EI
y

«n """'"'

where
EI = hending atiffnces
g = mass per unit length
I = length of the bcam

2. Notation used in expressiong for tho cigenfunctions:

F(u) = Binh u - 8in u
{u) = Cosh u ~ 008 u
H(u) = 8inh u — sin u
J{u) = Cosh u ~ cos u
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The Fredholm Alternative

Consider the following system of two linear algebraic equations in two unknowns z,y:

1 2 x 1 . r+2y=1

[3 a][y]:[ﬁ] that is S+ ay = 3 (1)
Depending on the values of a and [, there are three cases:
Case A: There is exactly one solution for x,y. This case corresponds to « taking on any value
except 6. When a=6 the determinant vanishes.
Case B: There is no solution for x,y. This case corresponds to a = 6 and 3 taking on any value
except 3.
Case C: There are an infinite number of solutions for x,y. This case corresponds to a = 6 and
[ = 3. In this case the second equation is a multiple of the first, so we have only 1 independent
equation in 2 unknowns z,y.

These three cases are referred to as the Fredholm alternatives. They apply to a linear system of
the form Mz = b where M is an nxn matrix and z and b are nx1 column vectors. In case A for
such a system, the unique solution is given by z = M ~1b, where M~! is the inverse of M.

In case C for such a system, how can we characterize the vectors b for which a solution exists?
Let u be an nx1 column vector to be determined. Multiply Mz = b on the left by u!, which is a
1xn row vector:
u'Mz = u'b
Note that u!Mz is a scalar, and as such is equal to its own transpose:
u'Mz = (u"Mz)" = 2" M'u

So now we have

My = u'b
So far u has been an arbitrary column vector. Now choose u to be in the null space of M?:
My =0
Since z!M'u = 0, we have
u'b =0

That is b is orthogonal to the null space of M".
Let us see how this works for the eq.(1) (in case C, where a = 6):

12 . 13
M‘l:& 6];»]\4_[2 6]

o= [3 2] ] =[] -] 5]

where c is arbitrary. Then

u'b=0=[c —0/3][;]:0:>c—cﬁ/3:0:>ﬁ:3
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In this course we shall be interested in the Fredholm Alternative because it will help us to
understand the behavior of linear ODEs. Consider the two-point boundary value problem:

d2
d—tf +x =sin Gt (2)
with the boundary conditions
z(0)=0 and z(a)=0 (3)

Note that this system contains two parameters a and 3. As « and [ are varied, we will encounter
the cases A,B,C of the Fredholm Alternative, in a manner similar to what we saw happen in the
algebraic equation (1).

To begin with, we look for the general solution to eq.(2) in the form:
z(t) = xa(t) + p(t) (4)

where zp,(t) is the general solution to the homogeneous version of eq.(2), and where x,(t) is a
particular solution. We find:
xp(t) = ¢y sint + ¢y cost (5)

and we look for z,(t) in the form x,(t) = Asin 5t and obtain (assuming 3 # 1):

.
xp(t) = T sin Ot (6)
So eq.(4) becomes:
1

x(t) = cysint + cpcost + T3 sin Bt (7)

Now we apply the boundary conditions (3):

1

:E(O):0:clsin0—|—020080+1762sin60:>02:0 (8)

1 —1 i
ola) = cisinact T painga =0 o = 9
So we obtain the solution to the boundary value problem as
—1 sinfa . 1 '
)= T ana S T (10)

Note that the derived solution (10) is singular when sina = 0. If sina # 0 there is a unique
solution (10) to the boundary value problem (2),(3), and we are in case A.

For the algebraic egs.(1), case A was characterized by the vanishing of the determinant of the
matrix. This is obviously an inappropriate way to characterize case A for eqs.(2),(3). The correct
way that works for both egs.(1) and eqs.(2),(3) is:

Case A: The homogeneous equation has only the trivial solution.
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That is, the homogeneous equation 657‘5 + x = 0 with the boundary condition x(0) = 0 has the
solution x(t) = ¢;sint. Then the boundary condition x(«) = 0 requires ¢; sina = 0. This gives
¢; = 0 and the trivial solution z(t) = 0 unless sina = 0.

Now let’s suppose that we are in the case that sina = 0, and in particular let’s take a = .
When the boundary condition x(0) = 0 is applied to the general solution (7), we get ¢ = 0, just
as in eq.(8). Then setting z(7) = 0 gives:

xz(m) = sinm + ——sinfr = (11)

which will not be satisfied unless sin S = 0. So for general values of 3 there will be no solution
and we are in Case B. However if sin fm = 0, for example if 3 = 2, then we have a solution:

1
1—p2
That is, the ODE (2) and the boundary conditions x(0) = 0 and z(7w) = 0 are all satisfied by
(12), for any value of ¢;. Thus the solution is not unique, and we are in Case C.

x(t) = cysint + sin 2t (12)

How can we characterize the values of 3 which give a solution when o« = w7 That is, how can we
distinguish Case C (infinite number of solutions) from Case B (no solutions)? In the algebraic
equations (1), we saw that the answer was that the column vector b had to be orthogonal to the
null space of the transpose matrix M*. But such an answer doesn’t seem to apply to the ODE
problem because:

a) for orthogonality we need an inner product (or dot product), and what could we mean by the
dot product of two functions?

and b) what, in the ODE example, could possibly correspond to the transpose of a matrix?

We define the inner product of two functions f(t), g(t) as:

(£.9)= [ fgtyar (13)
Next we write the ODE (2) as Lz = f where L is a linear differential operator:

d2
L=-5+1 (14)

and f = sin $t. Following the derivation for the matrix problem, we multiplied Mz = b by a
vector u! giving u'Mz = u'b. Of course u'b is the same as a dot product between u and b. So
we take an inner product of Lx = f with an as yet undetermined function wu(t):

(u, L) = (u, f) (15)

Now in the matrix problem, the next step was to note that u!Mz was a scalar, and thus equal to
its own transpose, giving u!Mz = 2! M'u. That is, u dotted into Mz equals z dotted into M.
The corresponding equation in the ODE problem is:

(u, Lz) = (x, L*u) (16)
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where L* plays the role of M*'. L* is called the adjoint of L. If we write eq.(16) out, it looks like:

/0 " () La(t)dt = /0 " () Lru(t)dt (17)

The idea is to convert the left hand side of (17) to look like the right hand side through the use
of integration by parts. Then we can find L* by inspection.

Once we know L*, we choose u to be in the null space of L* and we have
(u, Lz) = (x, L*u) = (u, f) =0, L'u=0 (18)

That is, for a solution to Lz = f in Case C, f must be orthogonal to the null space of
L*.

For the ODE (2), L is given by (14), and the left hand side of (17) becomes

/%()(j—iﬁ) o(t)dt = /” dtzdw/ (19)

Now we integrate the first term on the right hand side of (19) by parts:

m d*x W dx dz|” ™ dx du
HED gt = / IO, e ) et Y [ 20
/ ()dt2 ut) dt ()dto o dt dt (20)
We eliminate the integrated term by requiring that
u(0) =u(mr) =0 (21)
Then we integrate by parts the remaining term one more time:
™ dx du ™ du
_ A= — — — 22
T +/ dt2dt (22)

We again eliminate the integrated term by using the boundary conditions xz(0) = z(7) = 0,
giving finally:

/%()(j—iﬁ) o(t)dt = /” dtzdw/ /W:v(t)<5—:2+1>u(t)dt (23)

which may be written in the abbreviated form:
(u, L) = (z, Lu) (24)

Comparison with eq.(16) shows that here L = L* that is, L is a self-adjoint linear differential
operator. The comparable item in matrices would be a symmetric matrix M = M.
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So now that we know L* = L for the boundary value problem (2),(3), we require f = sin 5t to
be orthogonal to the null space of L. That is,

d*u

dt?
The solution to this last differential equation and boundary conditions is u = ¢; sint and so the
condition on /3 becomes

/Owu(t) sin ftdt =0 where +u=0, u(0)=0, u(r)=0. (25)

/ " sin ¢ sin Btdt = 0 (26)
0

This integral can be evaluated and gives sin fm = 0, in agreement with results obtained in eq.(11)
above.

Summary
In solving the system Lx = f, there are three possibilities:

Case A: If the homogeneous system Lx = 0 has only the trivial solution then the
nonhomogeneous system Lx = f has a unique solution.

Case B: If the homogeneous system has a nontrivial solution, then the nonhomoge-
neous system will have no solution unless

Case C: the right hand side f is orthogonal to the null space of the adjoint op-

erator L*, in which case the solution will not be unique since any solution of the
homogeneous system can be added to a given solution.
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PARAMETRIC EXCITATION

MAE 4770/5770
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FREE VIBRATIONS OF A PLANE PENDULUM

d*0
dt=

| iq,jsin@:()
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When € # 0, transition curves emerge from
2

points on the d-axis at & = R n=20,1,2,---

%

u 1/4

Transition curves in Mathieu's eguation. S=stable, U=unstable.
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H. Kauderer, “Nichtlineare Mechanik”, 1958

d*y

g5 T (A + peosz)y =0

TR
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A — b e it 2l b
foo | i
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1=%+-113-#2+—31§ﬂ“+5£0ﬂ‘+---,
l=4+§11)'“2+21230300*“4””"

L1 7
A=t 55 4 & ameoo0 M T
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Figure 5.8 Plot of the ratio of output acceleration magnitude to input acceleration
magnitude versus a frequency ratio (wn/mp) for a single-degree-of-freedom system
and a base excitation consisting of a shock pulse for different values of damping
ratios. Note that a large w, value corresponds to a short pulse width.
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Figure 5.15 Plot of normalized magnitude of the primary mass versus the normalized
driving frequency for the case p. = 0.25. The two natural frequencies of the system

occur at 0.781 and 1.281.

Tpman
=1 Figure 5.16 - Plot of mass ratio versus
system natural frequency (normalized to
the frequency of the absorber system),
illustrating that increasing the mass ratio
increases the useful frequency range of 2
vibration absorber. Here w; and o,
indicate the normalized value of the
system’s natural frequencies.

B 0,/0,

oty 5 P P A et €

Ag ﬁ»\ i3 N cosod , e rargs Wy

embe  [rwnch Ao vte Feon 1D 5’( rivindg

% ’
Too stall pa™ S seenn Lo T ]

Conenlly ke pn=0.05 4 035 logur indiakes poot dasiyn /65

Page 154/154



	Notescover.pdf
	RandNotes.pdf



