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MAE 4770/5770 Engineering Vibrations Spring 2012 Prof.R.Rand 1

The Fredholm Alternative

Consider the following system of two linear algebraic equations in two unknowns x,y:

[

1 2
3 α

] [

x
y

]

=

[

1
β

]

that is
x + 2y = 1

3x + αy = β
(1)

Depending on the values of α and β, there are three cases:
Case A: There is exactly one solution for x, y. This case corresponds to α taking on any value
except 6. When α=6 the determinant vanishes.
Case B: There is no solution for x, y. This case corresponds to α = 6 and β taking on any value
except 3.
Case C: There are an infinite number of solutions for x, y. This case corresponds to α = 6 and
β = 3. In this case the second equation is a multiple of the first, so we have only 1 independent
equation in 2 unknowns x, y.

These three cases are referred to as the Fredholm alternatives. They apply to a linear system of
the form Mz = b where M is an nxn matrix and z and b are nx1 column vectors. In case A for
such a system, the unique solution is given by z = M−1b, where M−1 is the inverse of M.

In case C for such a system, how can we characterize the vectors b for which a solution exists?
Let u be an nx1 column vector to be determined. Multiply Mz = b on the left by ut, which is a
1xn row vector:

utMz = utb

Note that utMz is a scalar, and as such is equal to its own transpose:

utMz = (utMz)t = ztM tu

So now we have
ztM tu = utb

So far u has been an arbitrary column vector. Now choose u to be in the null space of M t:

M tu = 0

Since ztM tu = 0, we have
utb = 0

That is b is orthogonal to the null space of M t.

Let us see how this works for the eq.(1) (in case C, where α = 6):

M =

[

1 2
3 6

]

⇒ M t =

[

1 3
2 6

]

M tu = 0 ⇒

[

1 3
2 6

] [

u1

u2

]

=

[

0
0

]

⇒ u =

[

c
−c/3

]

where c is arbitrary. Then

utb = 0 ⇒ [c − c/3]

[

1
β

]

= 0 ⇒ c − cβ/3 = 0 ⇒ β = 3
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MAE 4770/5770 Engineering Vibrations Spring 2012 Prof.R.Rand 2

In this course we shall be interested in the Fredholm Alternative because it will help us to
understand the behavior of linear ODEs. Consider the two-point boundary value problem:

d2x

dt2
+ x = sinβt (2)

with the boundary conditions
x(0) = 0 and x(α) = 0 (3)

Note that this system contains two parameters α and β. As α and β are varied, we will encounter
the cases A,B,C of the Fredholm Alternative, in a manner similar to what we saw happen in the
algebraic equation (1).

To begin with, we look for the general solution to eq.(2) in the form:

x(t) = xh(t) + xp(t) (4)

where xh(t) is the general solution to the homogeneous version of eq.(2), and where xp(t) is a
particular solution. We find:

xh(t) = c1 sin t + c2 cos t (5)

and we look for xp(t) in the form xp(t) = A sinβt and obtain (assuming β 6= 1):

xp(t) =
1

1 − β2
sinβt (6)

So eq.(4) becomes:

x(t) = c1 sin t + c2 cos t +
1

1 − β2
sinβt (7)

Now we apply the boundary conditions (3):

x(0) = 0 = c1 sin 0 + c2 cos 0 +
1

1 − β2
sin β0 ⇒ c2 = 0 (8)

x(α) = c1 sinα +
1

1 − β2
sinβα = 0 ⇒ c1 =

−1

1 − β2

sinβα

sinα
(9)

So we obtain the solution to the boundary value problem as

x(t) =
−1

1 − β2

sinβα

sin α
sin t +

1

1 − β2
sinβt (10)

Note that the derived solution (10) is singular when sinα = 0. If sinα 6= 0 there is a unique
solution (10) to the boundary value problem (2),(3), and we are in case A.

For the algebraic eqs.(1), case A was characterized by the vanishing of the determinant of the
matrix. This is obviously an inappropriate way to characterize case A for eqs.(2),(3). The correct
way that works for both eqs.(1) and eqs.(2),(3) is:
Case A: The homogeneous equation has only the trivial solution.
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That is, the homogeneous equation d2x

dt2
+ x = 0 with the boundary condition x(0) = 0 has the

solution x(t) = c1 sin t. Then the boundary condition x(α) = 0 requires c1 sin α = 0. This gives
c1 = 0 and the trivial solution x(t) = 0 unless sinα = 0.

Now let’s suppose that we are in the case that sinα = 0, and in particular let’s take α = π.
When the boundary condition x(0) = 0 is applied to the general solution (7), we get c2 = 0, just
as in eq.(8). Then setting x(π) = 0 gives:

x(π) = c1 sinπ +
1

1 − β2
sinβπ = 0 (11)

which will not be satisfied unless sinβπ = 0. So for general values of β there will be no solution
and we are in Case B. However if sinβπ = 0, for example if β = 2, then we have a solution:

x(t) = c1 sin t +
1

1 − β2
sin 2t (12)

That is, the ODE (2) and the boundary conditions x(0) = 0 and x(π) = 0 are all satisfied by
(12), for any value of c1. Thus the solution is not unique, and we are in Case C.

How can we characterize the values of β which give a solution when α = π? That is, how can we
distinguish Case C (infinite number of solutions) from Case B (no solutions)? In the algebraic
equations (1), we saw that the answer was that the column vector b had to be orthogonal to the
null space of the transpose matrix M t. But such an answer doesn’t seem to apply to the ODE
problem because:
a) for orthogonality we need an inner product (or dot product), and what could we mean by the
dot product of two functions?
and b) what, in the ODE example, could possibly correspond to the transpose of a matrix?

We define the inner product of two functions f(t), g(t) as:

(f, g) =
∫ π

0

f(t)g(t)dt (13)

Next we write the ODE (2) as Lx = f where L is a linear differential operator:

L =
d2

dt2
+ 1 (14)

and f = sinβt. Following the derivation for the matrix problem, we multiplied Mz = b by a
vector ut giving utMz = utb. Of course utb is the same as a dot product between u and b. So
we take an inner product of Lx = f with an as yet undetermined function u(t):

(u, Lx) = (u, f) (15)

Now in the matrix problem, the next step was to note that utMz was a scalar, and thus equal to
its own transpose, giving utMz = ztM tu. That is, u dotted into Mz equals z dotted into M tu.
The corresponding equation in the ODE problem is:

(u, Lx) = (x, L∗u) (16)
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where L∗ plays the role of M t. L∗ is called the adjoint of L. If we write eq.(16) out, it looks like:

∫ π

0

u(t)Lx(t)dt =
∫ π

0

x(t)L∗u(t)dt (17)

The idea is to convert the left hand side of (17) to look like the right hand side through the use
of integration by parts. Then we can find L∗ by inspection.

Once we know L∗, we choose u to be in the null space of L∗ and we have

(u, Lx) = (x, L∗u) = (u, f) = 0, L∗u = 0 (18)

That is, for a solution to Lx = f in Case C, f must be orthogonal to the null space of

L∗.

For the ODE (2), L is given by (14), and the left hand side of (17) becomes

∫ π

0

u(t)

(

d2

dt2
+ 1

)

x(t)dt =
∫ π

0

u(t)
d2x

dt2
dt +

∫ π

0

u(t)x(t)dt (19)

Now we integrate the first term on the right hand side of (19) by parts:

∫ π

0

u(t)
d2x

dt2
dt =

∫ π

0

u(t)d
dx

dt
= u(t)

dx

dt

∣

∣

∣

∣

∣

π

0

−
∫ π

0

dx

dt

du

dt
dt (20)

We eliminate the integrated term by requiring that

u(0) = u(π) = 0 (21)

Then we integrate by parts the remaining term one more time:

−
∫ π

0

dx

dt

du

dt
dt = −

∫ π

0

du

dt
dx = − x(t)

du

dt

∣

∣

∣

∣

∣

π

0

+
∫ π

0

x(t)
d2u

dt2
dt (22)

We again eliminate the integrated term by using the boundary conditions x(0) = x(π) = 0,
giving finally:

∫ π

0

u(t)

(

d2

dt2
+ 1

)

x(t)dt =
∫ π

0

x(t)
d2u

dt2
dt +

∫ π

0

x(t)u(t)dt =
∫ π

0

x(t)

(

d2

dt2
+ 1

)

u(t)dt (23)

which may be written in the abbreviated form:

(u, Lx) = (x, Lu) (24)

Comparison with eq.(16) shows that here L = L∗, that is, L is a self-adjoint linear differential
operator. The comparable item in matrices would be a symmetric matrix M = M t.
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So now that we know L∗ = L for the boundary value problem (2),(3), we require f = sinβt to
be orthogonal to the null space of L. That is,

∫ π

0

u(t) sinβtdt = 0 where
d2u

dt2
+ u = 0, u(0) = 0, u(π) = 0. (25)

The solution to this last differential equation and boundary conditions is u = c1 sin t and so the
condition on β becomes

∫ π

0

sin t sinβtdt = 0 (26)

This integral can be evaluated and gives sinβπ = 0, in agreement with results obtained in eq.(11)
above.

Summary

In solving the system Lx = f , there are three possibilities:

Case A: If the homogeneous system Lx = 0 has only the trivial solution then the

nonhomogeneous system Lx = f has a unique solution.

Case B: If the homogeneous system has a nontrivial solution, then the nonhomoge-

neous system will have no solution unless

Case C: the right hand side f is orthogonal to the null space of the adjoint op-

erator L∗, in which case the solution will not be unique since any solution of the

homogeneous system can be added to a given solution.
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