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% ~ THEORETTCAL AND APPLIFD MECHANCIS
QUALIFYING EXAMINATION
January 22 & 23 18987

ics

D.1 Dvnamics of a Swine

Discuss the dynamics of pumping a swing:

Taking the rider to be a point mass, derive the equation of motion for a
variable length pendulum. Find an approximate equation of motion by considering the
length variations to be small and sinusoidal. Discuss .the stability of this
equation, perhaps using a perturbation analysis to find an approximate solution to
it. _

Give some discussion of how conservation principles may be used to understand

the increasing amplitude of the vibration.

References: T.E. Stern, Theorv of Non~Linear Networks and

Svstems-Introduction;
P. Tea and H. Falk, Am. Jnl. Physics, Dec. 1968.

D.2 Yo-Yo

Describe, using mechanics, the operation of a yo-yo.




D.3 Rotatinz'Cblestial-Bodies

a) A Spacecraft, composed of an inelastic material, ig spinning and tumbling
freely in Space with an initially randomly chgsen orientation of the
angular momentum to the body’s principal a2xes. Describe the fipal mode of
spin that the body will adopt and explain why.

D.4 Spinning Feg

Discuss the dynamics of a spinning ege. Consider four cases' raw egg,

soft-boiled, hard-boiled, empty shell (but intact).

D.5 Collisions of Two Rigid Bodies

Two rigid bodies of mass amd imo, collide ip space. At the moment of

impact, they contact along a common tangent plane having a normal, n, to the

~

plane. Body #1 moves with angular velocity @, and linear velocity v {of its

1

center of mass), and Body #2 moves with Gy and Vo

2} Based on the dynamical principles involving linear momentum and angular
momentum and an empirical law for collisions, derive the equations of

motion for the unkown velocities Vo and angular velocities mi, AN
~

Vi,
~17 2 I
of the two bodies after impact. Assume the surfaces of contact are so

rough that the bodies collide without slipping at the contact point.

-3~

R M



b) Illustrate the solution of the equations of motion for the simﬁlified case
when one bady is =z sphere of radius T and the second body is a
stationary half space. The sphere hits the rough surface of the half space

with linear velocity v, = vcos8i + vsingj and zerg angular velocity (ml

;=
= Q}.
Reference: Greenwood, Principles of Dynamics, Chs. 4 and 8.

E.T. Whittaker; Analytical Dyanmics, Sections 95-97.

D.6 Billiards

Discuss the mechanics of billiards. Consider the effects of impaczs,

friction, impure roll, and wall interactions.

References: Greenwood; Principles of Dynamics
Summerfield, Mechanics

D.7 Bodies Connected by a String

g ry
e i i Cheese
- { S/
—_—

<t7
:— S cece
i 3 LA ES CMEES
LM, 3

Derive the eéquations of motion of the System, stating clearly all your

@ssumptions. Can you solve the equations?
....4___



D.g Control of!bg@mical Svstem

is to choose F(X,Q,G,é) 50 thar

A {x <a
/2 g ¢ T2

hold for all ¢,




TAM 1370 December 1973
I. COLLISIONS OF RIGID BODIES.
Two bodies of mass m, and m, collide as shown In the figure.
At the moment of collision, they contact at point P with & common
tangent plane and a normal, I, to that plane. We are in general given:

Y1 Y @, W before impact,

and wish to determine:

Xi’ Xé s %’_ ; mﬂé after impact.

The twelve unknown quantities (4 vectors) are related to the
given guantities by the empirical law of colligion and equations

for impulsgive motion:

Py Ot

/ Fat = [m Y. ] Linesr momentum
° o

Fa\y

Imat = [}%}‘gt ) Angular momentum
[#]

The twelve equations are:
(1} Law of Collisions - When two bodies collide, the values of the
normal component of the relative velocity of the surfaces in contach
at instants Immediately after and immediately before the impact bear
a definite ratio to each other; this ratio, denoted by -e, depends
only on the material of which the bodies are composed (one eq.).

o . SapRT¥opR
m&.p R X2p 2
where
Xip = X«l + @ xp,y efe,
(2) Constancy of angular momentum
of each body about the peint of contect,

P, because of zero moment about p

(six egs.).

EP':O“

(3) Constancy of linear momentum of the system (two bodies) normal

common tangent plane

to the surfece of contact because of egual and opposite normal
impulses (one eq.)

iy vy ) = (mlaa'.mz )L -



TAM 1370 page 2
(tA) TFor smooth surfaces - No change in tangential components of

the linear momentum for each body because of zero tangential

forces (four egs.) 8o~
A
]
\ t
1 —
R (mglxg) - px(myxn) = 0 s
n
tmgmm*7ua Z gx(xxg)
plane Eﬂ yrn

(4B) For Rough Surfaces without Slipping.at the Contact Point

{i) Constancy of tangential components of the linear momentum
of the system because of equal and opposite tangential
impulses (two egqs.)
px [ (v, +mv, xnl = nx [(myi+m,vi) xnl

(31) Vanishing of the tangential components of the relative
velocity of the two bodies after impact hecause of no
slipping constraint (twe egs.)

!t

)XEE = 0.
(4c) For Rough Surfaces with Slipping at the Contact Point

(1) Same as (4Bi) (two egs.)

(i1) Cirnze of the components of the linear momentum by the
tanmentisl. impulse which equals, in magnitude to
(coefficient of friction) times the normal impulse for
each body (two egs.)

lnx[n(v'=v)xnl| = pm(v'-v)a
s L) (a¥) ~s LAY La¥) [a¥)
Note that there are two equations of the above form for each

body; a total of 4 equations is obtainable. However, only

two (for eithzr body) are independent equations.
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1910 Y. HUANG er af.

moduli of the cracked solid were found, depending not on the porosity volume concen-
iration, but on anewly introduced parameter, the crack density, '

&= Nda’), {5

where N is the number of cracks per unit volume, a is the radjus of the penny-shaped crack,
and ¢-> is the average of the argument. A critica value of crack density, ¢ = 9/16, was
established at which the effective eiastic moduli of the cracked solid vanish.

Although Budiansky and O’Comnnell’s ( 1976) analysis of a cracked solid was based on
the potential energy balance, it is shown in the following that their results still fall into the
generai framework of self-consistent mechanics of composite materials (Budiansky, 1965
Hill, 1965). A penny-shaped crack can be considered as the limit of an oblate spheroidai
cavity with g, = az = aand a; — §, where @1, 4z and a; are the half-axes of the spheroid.
The basic equation {eqn {4)], for a solid with spheroidal cavities embedded, becomes

1+7 v ity y

0.0 g 0 N o0 ¥ 00 0z
—tpma-i‘o'[j_... _:Ukk-a'.'! = G0 — _a-kko-y.f..co-,_gi,’ (6)
E Y g E, V% E, i “if

where £ and £, are the Young’s modulus and 7 and vy are Poisson’s ratio of the cracked
solid and matrix material, respectively; ¢ is the volume concentration of the cavity. Note
that

i ! 2
gy = ?L &y dy = 7 DI “inaa, ™
ity

all cavitias

where Faviny Is the total volume of the cavities, ¥ is the total volume of the solid, 4/3(ra’a,)
is the volume of each cavity, and &y, Which is uniform within each cavity, was given by
Eshelby ( 1957). In the case of remote hyvdrostatic tension, o} = &%, the strain, g, within
the cavity has the asymptotic form (Eshetby, 1957 ; Mura, 1982)

4 172 g
55 = - F a0t O0U), others = O(1), 3

Thus, eqa (7), in the limit of cracks (a./a — 0), gives

. I 161 —72 16 1—y¢?
cskkr.};):ah—j—‘ E 00=N<a3>—3— E' gy (9}
Substituting into the basic quation [eqn (4)], one finds
3(1—27) 31 =2vy) 16 152
—F = T3 e (10)

which is exactly one of the governing equations for determination of effactive moduli given
by Budiansky and O’Connell { 1976). If other kinds of the remote loading o) are applied,
onecansimilarly derive other governing equations of effective moduli identical to Budiansky
and O’Connell’s. This shows that their analysis of a cracked solid is consistent with the
self-consistent mechanics of Composite materials (Budiansky, 1965 Hill, 1965). One can
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...Dr. Goyal runs an animated picture of a pencil dropping:
The entire pencil falls at the same velocity but when one end
hits first, the follow-up blow on the other end can occur at
up to twice the speed. That’s because the end that hits first
bounces back at the same velocity, thereby doubling the speed
of the opposite end. — Wall Street Journal, December 9, 1993

True or False? Why?

falling:

After bounce
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L. COLLISIONS o Rrgm BODIES | .
Two bodieg of magg m, and By collide pg shown in the figure,

At the moment of collision, they contact g+ Point p with g Common
tangent Plane ang & normal, 2, to that Plane, ya 8re in geners] given:
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the lineay momentum for each body because of Z8ro tangentigl N
-
forces (four eqs., ) s Y

n¥ (mvixn) . nx{mvxn) = o
b ] “ M N " L")

(4B) For Rough Surfaceg without Slipping at +he Contaet Point
(i) Constancy o tangential components of the lineer momentym
of the aystem because of equal.and Obpesite tangential
lmpulses (two egs.)
By myy enl= axt SRSy
{ii) Vanishing of tpe tangentigl components of the relative
velocity of the tweo bodies after immact because of no
slipping constraint (twe egs.)
el kel = o,
(%) For Rougn Surfaces with Slipping at the Contact Poing ) j

(1) Seme as (4Bi) (two egs. )

{i1) I71Z8 of the components of the linear momentyup by the
tancentsag impulse which equalg > 1n magnityde to p
(coefficient of friction) times the normal impulge fop , )
€ach body (two eqs. )
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> THECRETICAL AND AFPLIED MECHARCIS
CUALIFYING EXAMINATION '
Jamuary 22 & 93 1987

ics

D.1 Dvnemics of 2 Swine

Discuss the dynamics of pumping a swing:

Taking the rider to be a pdint mass, derive the equation of motion for a
variable length pendulum. Find an approximate equation of motion by considering the
length variations to be small and sinusoidal. Discuss the stability of this
equation, perhaps using a perturbation analysis to find an approximate solution to
it. )

Give some discussion of how conservation principles may be used to understand’

the increasing amplitude of the vibration.

References: T.E. Stern, Theorv of Nen-Linear Networks and

Svstems-Introduction;

P. Tea and H. Falk, Am. Jnl. Physics, Dec. 1968.

D.2 Yo-Yo

Describe, using mechanics, the operation of a yo-yo.
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I. COLLISIons OF RIgm BODIES ., , ' .
Two bodieg of masg I, and B, collide ng shown 1n the Tigure,
At the moment ofF col.?.ision, they contaet at point P

tangent Plene and o normal, A, to that DPlane, Wa are in genera] given:

T s Io 5 81 7 % before impaet,

and wish 4o determine .

:.:i B }:é ; gﬁ B E?é _a.f‘é:er impact, ) |
The twelve RNV quantifieg (k vectors) are relageq to the

i Smpirical lay op collision ang equationg
for impulsive motion:

Fate 4t

c{ Fat = ry . O} Linesr momentym

&t

/ Mdt = @i]?ﬁ Angulerp momentum
o : .

The twelve equationé are:
(1) Law or Collisiong .. When twg bodies Collide, the values of the
Dormal component ol the relative velocity of the Surfaces 4in contacth
&t instantg immediately af'ter ang imnediately before the impact bear
& definite ratio to each other ;3 thig ratic, dencteg by -e, depends
only on the Zaterial of which the bodiey are camposed (one eg.).

of each body ebour the point of contact,
P, becauge of Z8T0 moment about p
(six eqs. ),

% = 0 common tangent plane

'3) Constancy of linesr mementym of the system {(two bodies } normay
0 the surfage of contact becauge of equal andg Crposite normaj f

e
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. change and the crack energy release rate. Thejr approach is particularly useful for solids
‘with microcracks embedded since they avoid the'diﬁiculty of evaluating inciusion strain g,
for microcracks in ¢qn (4). Penny-shaped cracks were assumed to be randormly distributed
in the matrix material such that the crack material behaves like an isotropic solid. The
moduli of the cracked solid were found, depending not on the porosity volume concen-
tration, but on a newly introduced parameter, the crack density,

&= N(a®, ()

where N is the number of cracks per unit volume, g is the radius of the penny-shaped crack,
and {-% is the average of the argument. A critical value of crack density, ¢ = 9/16, was
established at which the effective elastic modulj of the cracked solid vanish.

Although Budiansky and O’'Connell’s (1976) analysis of 4 cracked solid was based on

the potential energy balance, it is shown in the foliowing that their results still fall into the

general framework of self-consistent mechanics of composite materials (Budiansky, 1965,
Hill, 1965). A penny-shaped erack can be considered 25 the limit of an oblate spheroidal
cavity with a; = g, = g and a;— 0, where a,, 4, and as are the half-axes of the spheroid.
The basic equation leqn (4)], for a solid with spheroidal cavities embedded, becomes

1+v Topy v

8 .0 6 .0 & 0.0 N o6 o9 0
TETOLO T S O Ty == Gy Ty — T TakGy -+ oy, (6
E Ly En

where E and E, are the Young’s modulus and 7 and vy are Poisson’s ratio of the cracked
solid and matrix material, respectively; ¢ is the volume concentration of the cavity. Note
that

1 o .
ci;,-*-:?j gy AV = — Z & 4naa,, (7

cavity all cavities

where V..., is the tota) volume of the cavities, ¥is the total volume of the solid, 4/3(ra’a,)
is the volume of each cavity, and &y, Which is uniform within each cavity, was given by
Eshelby (1957). In the case of remote hydrostatic tension, of = a%,, the strain, ¢;, within
the cavity has the asymptotic form {Eshelby, 1957 Mura, 1982)

4 1-71 g '
33 = ~ 7 ;]—a-o-}—O(l), others = 0(1), (8)

© Thus, eqn {7), in the limit of cracks (as/a—0), gives

_ 1 16172 16 137
Cakkm-I;Ea3‘“§TgoxN<aJ>? 7 T @)

Substituting into the basic equation {eqn (4)], one finds

3(1-27) (=) 16142
—— ——:, 10
7 {10y

E Ey "3

which is exactly one of the governing equations for determination of effective modull given
by Budiansky and O’Connell (1976). If other kinds of the remote loading o) are applied,
one can similarly derive other governing equations of efective moduli identical to Budians ky
and O'Connell’s. This shows that their analysis of a cracked solid is consistent with the
self-consistent mechanics of composite materials {Budiansky, 1965 ; Hili, 1963). One can
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-..Dr. Goyal runs an animated picture of a pencil dropping:
The entire pencil falls at the same velocity but when one end
hits first, the follow-up blow on the other end can occur at
up to twice the speed. That’s because the end that hits first
bounces back at the same velocity, thereby doubling the speed
of the opposite end. — Wall Street Journal, December 9, 1993
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