1.4. LINEAR TRANSFORMATION I 1

1.4 Linear Transformation I
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1.4.1 a) Consider the vector transformation
y = f(x) from V5 to V5 such that if y = (y1,92), x = (1, z2),
(21 +20) (1 +a2)
Yyi=—7= YP=—7.
V2 V2
Verify that y = A(x) is linear and find a matrix A such that
f(x) = Ax for all x in V5.

b) Consider the linear transformation z = ¢g(y) from V5 to Vo with matrix

NN
B=| % &
2 2

Find a matrix for the composite transformation z = g(f(x)) ("function of a func-
tion”).
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1.4.2 Let T be the linear transformation

d2
T da?
acting on the space spanned by By = {1,sin (z), cos (z)}.
a) Find the matrix T's, which represents T' in the basis B;.
b) If B, is the basis By = {1,sin (z) + cos (z), sin () — cos (z) }, find the matrix Tg,,
which represents 7" in the basis B>.
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1.4.3  Consider the linear transformation, T', of the plane to itself, which is represented,
in the standard basis, by the non-singular matrix

(¢a)
(v)=(2a) ()

The equation of a certain curve, (straight line), in the (z,y)-coordinate system is
given by y = mz + h.

a) Find the equation of this same curve in the (z',y')-coordinate system.

b) What is the shape of this curve in the (z',y')-coordinate system?

Thus,
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1.4.4

Consider physical vectors

v =ai+bj+ck

where a, b and c are scalars and i, j and k are mutually perpendicular unit vectors.
A linear transformation is defined as

Tv)=(1-2j)xv

Find the matrix representation of T in the (i, j, k) basis.
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1.4.5

Consider the vector space Vawith the standard basis B; = S = (i,],k). Now con-
sider a second basis B which is obtained by rotating the basis By by 30 degrees
(anticlockwise) about the z axis.

Also, consider the linear transformation T : V3 — V3 which reflects any vector veVs
about the z-z plane.

a) Find(By: By).

b) Find matrix representations of Ts, and T, of T in the bases By and Bs.

V3

1
Hint: Ti + ij is a vector in B2. AISO, check if (BZ : Bl)_l = (BZ : Bl)t.
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1.4.6

Every vector ¥ in two dimensional physical space can be written as ¢ = zi + yj

where 7 and ] are unit vectors on the positive x and y axes respectlvely In each of
the following cases, find the matrix representing the linear transformation indicated

and state whether or not it is invertible. )
a) T, is the transformation which reflects each vector about the y axis.

b) T is the transformation which rotates each vector about the origin by an angle

of 60° in a counterclockwise direction. . . o
¢) T3 is the transformation which transforms each vector into its vector projection

on the z axis.
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1.4.7

Consider linear transformation in ®2 and the standard basis

o) (1)

a) Find the matrix U of the linear transformation that stretches the z component

of each vector by a factor of 2 and keeps the y component unchanged.
b) Find the matrix R of the linear transformation that rotates each vector by 45

degrees in the counterclockwise direction.
c) Do the above transformations commute, i.e. is RU equal to UR?

d) If yes, stop. If no, find the matrix V such that

RU=VR
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1.4.8  Consider linear transformations L : V' — V, where V is the vector space of all real
3 x 3 matrices, and consider the specific transformation defined by

LA =4-4AT (1

where AeV is a 3 x 3 real matrix and A7 is the transpose of A.

a) Show that L, as defined in (1) above, is a linear operator (transformation).

b) Now consider N(L), the null space of L = the set of all 3 x 3 matrices B such
that L(B) = 0. Check the following matrices to see if they are in the null space

of L.
1 2 3 1 2 3 0 1 2
Bi=| -1 =2 3|, Bo=[22 0|, Bs=| -1 0 3
2 1 0 3 0 4 -2 =3 0

c) Find the null space of L.
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1.4.9  Which of the following transformations is linear?

—al _-12 ay 1
o ()= i)+

—al- _—al _—1
([ )=la]-]]

[ ap ] _—1 27 ap ] [ 1]
) L(_a2_>__2 afla [T

[ ap | _—1 211 ar ]
d)L<_a2_>__2 4__a2_

[ ap ] __1 277 a ] (1]
e) L<_02_>__2 4_ a9 N 1_
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1.4.10 a) Are the vectors

3 -1

5|’ 2

5]

linearly independent? Do they span $2?
b) Are the vectors

1 3 3
30, 51, 1
3 1 0

linearly independent? Do they span $3?
¢) Let C'(R) be the vector space of continuous functions on . Are the three elements
sin (z), sin (z 4+ 1), sin (z + 2) linearly independent? Do they span C(R)?
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1.4.11 Consider the linear transformation T': 2 — R3 that reflects vectors through the
plane y = z. (You can think of the plane as a two-sided mirror.)
a) Find the standard matrix A of T'. You may use the fact that A = [T(. ), T(c,), T{es)]
if you wish.
b) Is the transformation onto R3? Give reasons for your answer.
c) Is the transformation one-to-one? Give reasons for your answer.
d) Determine A2. Explain your result in geometric or physical terms.
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1.4.12 a) Show that translation in R? — R? i.e.

r=((n])=[n] o

is not a linear transformation.

Z1 T
b) Now consider homogeneous coordinates | zo | for [ 1 } with T = To
1 2 1
[mrn]
T + k .
1

Find the 3 x 3 matrix for T.
¢) The shear transformation S : #2 — R? along the x; axis has the following matrix

1 tanvy
0 1

This transformation rotates the vector [ (1) } by an angle. Find this angle.
d) Do the transformations T and S, commute in general? What happens in the
special case k = 07 Give reasons for your answer.
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1.4.13 The following matrices apply to the next 3 questions:

101 -1 2 3 4 (1)22
A=(0 2 1), B=| 0 11 2| C=| " o,
001 0 00 1 L1l

a) Is B, viewed as a linear transformation, one-to-one? If yes, explain why; if no,
explain why and find the solution set of Bx = 0.
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1.4.14 a) Is A, viewed as a linear transformation, onto? Explain why or why not.
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1.4.15 Which of the following functions are linear transformations?
i) [ RS R f(2) =22
i) g:R' =R gx)=20+1
eee Lol 2 _ 2@
i) S:R —>§R,S(az)—{2m+1]
iv) T:% — R T(x) = Ox, where C is the matrix above (in question 13).
v) R:R"->R™ R(x)=0foralx
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1.4.16 Let T : ®° — R° be a linear transformation given by T(x) = Ax, where A is a
matrix and x is a vector in R°. Then A has dimensions (rows, columns):
a) 3x5
) 5x3
) 5x5

e) none of the above
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1 0
1.4.17 Let A= ( 0 1

a) a rotation about the origin.

b) a reflection through the x-axis.

¢) a reflection through the y-axis.

d) a reflection through the origin.

e) a reflection through the line y = «.

) . The best description of x — Ax is:
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1.4.18 Suppose that matrix A sends [ ;) } to { } } and [ 3 ] to { ? } . Then the ma-

trix for A is:
) 4 -1
Y-8 3

-8 3
W)

8§ -3
(57

8 3
v (31)
e) none of the above
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1.4.19 If Ais 5 x 4, then x — Ax cannot map R* onto R°. True or false.
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1.4.20 Suppose T : R" — R™ is linear, and suppose that T(#1) = by and T(Z>) = by. Find
a vector Z € R" such that T'(Z) = 1.1b; — 2.3bs.
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1.4.21 Which of the following functions are linear transformations? You do not need to
explain your answers.

i) T, : 2 — R2, given by

(v )=k

i) Ty : R? — R?, Ty is reflection in line y = = + 1.
i) T3 R2 — R2, Ty is reflection in line z = 0.
iv) Ty:R— R given by

cos (7)x
T4(.’E) = 0
r —xcos (%)
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1.4.22 Find the matrix A for the linear transformation 7' : £2 — R? which is the compo-

sition of first applying a rotation by angle g clockwise, followed by then applying

reflection in the line y = x.
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1.4.23 Find the matrix A for the linear transformation given by

T z
T Y =z |,
z Y

and find the inverse of A.
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1.4.24 (All parts are independent problems.)
a) If the det A = 2. Find the det A™", det A”.
b) From PA = LU find a formula for A™! in terms of P, L and U. Assume

P, L, U, A are invertible n x n matrices.
c) Find the rank of matrix A:

1
A= |4 |[2-12].
2

d) Find a 2 x 2 matrix F such that for every 2 x 2 matrix A4, the second row of EA
is equal to the sum of the first two rows of A, e.g., if

1 2 1 9
A:[s 4]tmnEA:[3+1 4+2}

e) Write down a 2 x 2 matrix P which projects every vector on to x» axis. Verify
that P? = P.
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1.4.25 Suppose A is a 6 row by 7 column matrix for which NulA = Span{Z,} for some
Z, # 0 in R7. Which of the following are always TRUE of A? (NO Justification is
necessary.) Express your answers as e.g: TRUE: a,b,c,d; FALSE: e
a) The columns of A are linearly dependent.
b) The linear transformation # — AZ is onto.
c) AZ =0 has only the trivial solution.
d) The columns of A form a basis for .
e) The columns of A span all of R°.
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1.4.26 Let V be the vector space of 2 x 2 matrices.
a) Find a basis for V.
b) Determine whether the following subsets of V' are subspaces. If so, find a basis.

If not, explain why not.
1. {Ain V| det A= 0}
2. {AinV|A( ! ) :A( : )}.
¢) Determine whether the following are linear transformations. Give a short justifi-
cation for your answers.
1. T:V -V, where T(A) = AT,
2. T:V - R, where T(A) = detA,
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1.4.27 a) Determine the 2 x 2 matrix that corresponds to a clockwise rotation through an

angle ¢.
b) Using homogeneous coordinates find the 3 x 3 matrix that describes the 2D

composite transformations of reflecting in the y axis and then translating (3,3).

MATH 294 FALL 1998 PRELIM 1 #1 204FAO8P1Q1.tex
1.4.28 a) A transformation, T': R" — R" is defined as T'(u) = u+ s, s = constant vector.
Is this a linear transformation? Why or why not?
b) Sketch the image of the unit box, drawn below, after being mapped by the trans-
formation

0 2
r — Az, A_[2 O}'

Clearly label on your sketch the images of the points labeled a, b, ¢, and d.
Give a geometric interpretation of this transformation in words.
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1.4.29 A linear transformation T : ®% — R maps the square shown (ABCD) to the par-
allelogram shown (A’B’C’D’). (The answers to the questions below do not depend
on each other. You will not get credit for an incorrect answer to one part based on
an incorrect answer to another part.)
a) Find the matrix A so that T'(x) = Ax.
) Is the map one to one (why or why not)?
) Is the map onto (why or why not)?
) Describe in words the geometry of the transformation 75(x) = AAx. (Use one or
more words, like ’stretch’; 'rotate’, reflect’, ’expand’, ’project’; 'shear’ or ’trans-
late’ and describe the amount and/or orientation of such distortion.)

=3

a o



