Chapter 2

More Linear Algebra

2.1 Determinants

MATH 293 FALL 1981 PRELIM 1 # 2
2.1.1* Consider the matrices

B =

3

2 41
A=11 11
2 31

— = N
= W N
U = Ot W
O O O =

a) Find det A and det B.

exist, give a reason.

MATH 294 SPRING 1982 PRELIM 1 #1

)
b) Find A~! and B~ If they exist. If you think that either of the inverses does not

r1 + 2z 4+ 3x3 = 1
2.1.2*% a) Write the system of equations 2x; + 3z2 + 4x3 = —2 in the form
31’1 + 4(E2 + 61’3 = 0

AZ = B.
b) Find det A for A in part (a) above.
c) Does A~! exist?

T
d) Solve the above system of equations for & = | x4
T3
1 0 1
e) Lee B=| 0 1 0 |.Find A-B (i.e. calculate the product AB).
2 -1 1
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MATH 293 FALL 1991 PRELIM 3 # 4
2.1.3* Compute the determinants of the following matrices:

2 3 0
a) | 35 0
00 1
23 0 0
35 0 0
D)l o o —11 -3
00 4 1
2 -5 17 31\ "
o |03 9 o
0 0 -1 7
0 0 0 4

MATH 293 FALL 1991 PRELIM 3 # 6
2.1.4* True/False
a) All three row operations preserve the absolute value of the determinant of a

square matrix.

b) A singular n X n matrix has a zero determinant.

c) If Ais an xn matrix det (A?) = det(A).

d) If each entry in a square matrix A is replaced by its reciprocal (inverse), producing
a new matrix B, then det(B) = (det(A))_

e) If a matrix A is nonsingular, then det(A~1) = (det(A))~*

f) For a square matrix A and a scalar k, det(kA) = kdet(A

g) Let A and B by n x n matrices

det( oi On ) — det(A) det(B)

where O,, is a n X n matrix with all elements equal to zero.

MATH 293 SPRING 1992 PRELIM 3 #1
2.1.5* Compute

0 2 0
a) det| 1 0 3
5 0 8
cosf  sinf
b)  det —sinf cosf
(1 1 7 00
1 10 3 3
c) det| 5 5 1 8 9
6 6 1 0 1
6 6 1 0 1
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MATH 293 SUMMER 1992 PRELIM 7_21 # 2
2.1.6* Compute the following determinants:

1 2 1 1
0 1 -1 -1
a) | 9 3 9 3
3 -5 0 -1
3-X 0 1
b) 21—\ -4
1 0 —1-2X

MATH 293 FALL 1992 PRELIM 3 # 1
2.1.7* Compute the determinant of the matrix

h

I
(SRS S S
(SIS S S =~
(SRS S =~
SR QR
SR Q2 QR

MATH 293 FALL 1992 PRELIM 3 # 4
2.1.8*% Let A be an n x n matrix. Assume that it is known that the equation Az = 0 has

nontrivial solutions if and only if det(A) =0

Let

3—s5 0 1
A= 2 1—5 —4
1 0 —(1+s)

where s is an arbitrary scalar.

a) Compute det(A)

b) Find those values of s for which the equation Az = 0 has nontrivial solutions.

MATH 293 FALL 1992 FINAL # 3
2.1.9%*
a) Let A be an n X n nonsingular matrix. Prove that det (A_l) = #(A). Hint: You
may use the fact that if A and B are n x n matrices, det(AB) = det(A) det(B).
b) An n x n matrix A has a nontrivial null space. Find det(A) and explain your
answer.

MATH 293 SPRING 1993 PRELIM 3 #1

2.1.10* Given the matrix
-2 1 2

A= -2 2
-9 3

~ N

Find det A.
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MATH 293 SPRING 1994 PRELIM 2 # 6

2.1.11%
1-A 1 0
a) Compute the determinant of the matrix A(\) = 2 2—-X 1 , Writ-
0 1 2—-X
ing your result as a function of A.
b) Partially check your result by computing the determinant of A(0), and compare
this value with the value of the function you found in a) when A =0

MATH 293 FALL 1994 PRELIM 2 # 3
2.1.12* Compute

1 -2 3
det | =3 5 =8
2 2 5

by the following two methods:
a) Use row ops to change the matrix into an upperright triangular matrix with the

same det
b) Use cofactors of entries in the first row

MATH 293 FALL 1994 PRELIM 2 #5
2.1.13* Let A and B be N x N matrices.

a) Complete the following statement: A is singular if and only if det(A) = ...

b) Use the result of part (a) to find the value of A for which the matrix

A—-1 3 o
( 9 \_9 ) is singular

c) Complete the following statement: det(AB) = ...

d) Use the result of part (c) to show that if A is invertible, det (A™') = . (Hint:
AAT=1)

MATH 293 FALL 1994 PRELIM 2 # 6
2.1.14* Compute

0 0 -1 3
0 1 2 1
det| o 5 5 o
3 3 0 0

MATH 293 FALL 1994 PRELIM 3 # 3

2.1.15* Let A be an nbyn matrix. Which of the following is equivalent to the statement: A
is singular?
a) The det(A) = n.
b) Az = 0 has a nontrivial solution.

The rows of A are linearly independent.

The rank of A is n.

The det A = 0.

Az = B has a unique solution x for each B.

A has non-zero nullity.

~—

(¢]

&\./

(SRR
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MATH 293 FALL 1994 FINAL # 3

a b b b
. b b . . .
2.1.16* Evaluate the determinant Z Z a b by first using row reduction to convert it
a a a a

to upper triangular form.

MATH 293 FALL 1994 FINAL # 12

2.1.17* If A is a 3 by 3 matrix and det(A) = 3, then det (A7) is:
)
b)
c)
d)
e)

w\w\m\»—wmﬁﬁ‘,i

MATH 293 FALL 1994 FINAL # 13
2.1.18* If AB is singular, then
a) det(A) is zero,
b) det(B) is zero,
c) det(A) is zero and det(B) is zero,
d) det(A) is not zero and det(B) is not zero,
e) either det(A) is zero or det(B) is zero.

MATH 293 FALL 1994 FINAL # 14

1 2 x 1 1 2
* (Y _ . . .
2.1.19%* Given the system {3 3][y] = {3} With p = det 9 3| 4=
1 2 1 1 1 0 , .
det 3 3 r = det 9 3| s = det‘ 0 1 by Cramer’s Rule, the solution
for y is given by
a) 2
£
b) 5
c) %
a
d) p
e) E

MATH 293 SPRING 1995 PRELIM 2 # 5
2.1.20* Let A be a 6 x 6 matrix.
a) Which of the following 3 terms will appear in det A:

113022036045051064, A15021036045052063, A16A25034043052061 ?

b) For those which will appear, what will their signs be?
c¢) How many such terms will there be in all?
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MATH 293 SPRING 1995 PRELIM 2 # 6
2.1.21%*
a) Calculate the determinant of the matrix

2 0 1 -1
1 2 -1 1
0 1 1 -1
-2 -2 1 0

A=

b) What can you say of the solutions to the equation

Ax = 0.

MATH 293 SPRING 1996 PRELIM 3 #9
2.1.22%* Let A be an n by n matrix. Which of the following are equivalent to the statement
"the determinant of A is not zero”? You do not need to show any work. ”
a) The columns of A are linearly independent.
b) The rank of A is equal to n.
¢) The null space of A is empty.
d) A7 = b has a unique solution for each b in R".
e) A is not onto.

MATH 293 SPRING 1996 FINAL # 12
2.1.23* The determinant of the matrix below is:

1 -3 1 =2
2 -5 -1 =2
0 -4 5 1
-3 10 -6 8

a) 1

b) -1

c) 2

d) 0

e) none of above

MATH 294 SPRING 1997 FINAL # 2
2.1.24%* If the det A = 2. Find the det A™!, det AT
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MATH 294 FALL 1997 FINAL # 6
2.1.25* The equation of a surface S in 2 is given as

z y =z 1
ay az ag 1
det by by by 1 =0
cp ¢y c3 1
where the a;, b;, ¢; are constants.
ay
a) Does the point a = [ as | lie on S?
as
by C1
b) Do the points b = by and ¢ = Co lie on S?
b3 C3

¢) Find a relationship between the coordinates of a, b, and ¢ such that if this
relationship holds, then the origin lies on S.

MATH 294 SPRING 1998 PRELIM 2 # 5
2.1.26* Use cofactor expansion to compute the determinant

1 -2 5 =2

0 O 3 0
2 -6 =7 5
0 0 4 4

At each step choose a row or column that involves the least amount of computation.

MATH 294 SPRING 1998 PRELIM 2 # 5
2.1.27 True or False?
a) The determinant of an n x n triangular matrix is the product of the entries on
the main diagonal.
b) The cofactor expansion of an n x n matrix down a column is the negative of the
cofactor expansion along a row.

MATH 294 FALL 1998 PRELIM 2 # 2

1 2 -3 4
2.1.28* Evaluate the determinant of B = -4 2 13
3 0 0 O
2 0 -2 0
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MATH 293 SPRING *? PRELIM 2 # 3

2.1.20% )
4 -7 2
a) Computedet | 5 2 0
'3 0 0
(1 o 22 28
1 2 22 923 . .
b) If F(x) = det 1 3 32 33 | then show that F(737) is not zero. (Hint: How
1 1 1 1

many roots can the equation F(z) = 0 have?)

MATH 293 UNKNOWN PRACTICE # 2b

2.1.30 A n x n matrix C is said to be orthogonal if C* = C~!. Show that either det C = 1
or det C = —1. Hint: CCT = 1.



