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4.2 Line Integrals
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4.2.1 Consider the curve given parametrically by

cos mt si mt t
T = —, =sin—, 2=
27 Y 2

a) Determine the work done by the force field

Fi=9yi—j+ 2k

along this curve from (1,0,0) to (0,1,1).
b) Determine the work done along the same part of this curve by the field

Fo = yzi+ zzj + zyk
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4.2.2  Consider the function f(x,y,2) =22 +y + 2.

a) What is F' = grad(f) = V.f?

b) What is div F =V - F'? (F from part (a) above.)

¢) What is curl F =V x F? (F from part (a) above.)

d) Evaluate / F -dR for F in part(a) above and C the curve shown:

C
T
(o,oji)\/
! \(O/lzo}
: >y
(FJOJO} “‘cgtmrjtex circlg on x-y plane

*
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4.2.3 F = 42y*i+42"y%j. Find a potential function for F and use it to evaluate the line
integral of F over any convenient path from (1,2) to (-3,4).
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4.2.4  Evaluate / F-dR where F = —coszi —2y’k and C : x =t, y =7, z = 3t> t :
1—2



MATH 294 FALL 1984 FINAL # 3 204FA84FQ3.tex
4.2.5 Let a force field F be given by:

F = 2i + 2% + 2yzk

/F~Tds
c

if T is the unit tangent vector along the curve C defined by

Evaluate

C: x=cost, y=-sint, z =1,
and ¢ runs from zero to 2.

MATH 294 SPRING 1985 FINAL # 18 204SP85FQ18.tex

4.2.6 Find the work done in moving from P, = (0,0) to P, = (w,0) along the path
y = sinz in the force field F(z,y) = zi + yj.

a)
b)
¢)
d)

N = O

2

N

none of these.
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4.2.7  The curve C is the polygonal path (5 straight line segments) which begins at (1,0,1),
passes consecutively through (2,-1,3),(3,-2,4),(0,3,7), (2,1,4), and ends at (1,1,1). F

is the vector field ﬁ(x, y,z) = y2i + (2zy + z)j—i— yE. Evaluate / F.-dR
c
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4.2.8 Evaluate / F - dr where
c

_ 7Yy . T .
F('r?y7z)_ $2+y21+1}2+y2']+k

and C is the curve ¢ = cost, y =sint, z =10 <t < 2nx
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b

4.2.9  Evaluate, by any means, / F - dR where the path is the helix shown from a at
(2,0,0) to b at (2,0,4). The (\l/ector field F is given by F = zi + yj + zk.
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4.2.10 For F = zy;H (yzi+ zzbfj + xyk).
evaluate intcF - dr, where C' is the piece-wise smooth curve comprising two smooth
curves: (1 : z = 22, y = 0 from (0,0,0) to (1,0,1); and Cs: the straight line from
(1,0,1) to (2,2,2), as shown below.
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4.2.11 Compute/ﬁ-dffor
C

ﬁ(x,y, z) = 2xy®2Y 4 32?2 + 4222k

and C given parametrically by:

F(t) = cos i + e~ sin gt} + (2t — ) costk, for 0 <t < 1.
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4.2.12 Evaluate / F - di where
C

= 2 - Z 2
F(z,y,2) = —yz+m]+x27+1k

C :7(t) = costi +sint) + th, 0 <t < 2r.

MATH 294 FALL 1987 MAKE UP FINAL # 2 204FA87TMUFQ2.tex
z
4.2.13 Evaluate / ydr + xdy + ———dz where
c z< 4+ 1

O : costdi +sint] + 2tsinth, 0 <t < g
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B
4.2.14 Evaluate the integral / F - dR for the vector field
A

F = [sin (y)e®*™Y]i 4 [z cos (y)e®* ™Y
for the path shown below between the points A and B.

) . . B : ,
. Tsiny] — [q; rsiny zsiny] _ zsiny
[HINT I 52 [e ] = [sinye ] and 5 [e ] =[xz cosye 1]
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4.2.15 Evaluate the path integral % F - dR for the vector field
c

F=1zj

4
and the closed curve which is the intersection of the plane z = gaz and the circular

cylinder 2% +3y? = 9.
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4.2.16 Let F = 2% + y23 + 2z2k.

a) Check that curl F = 0.

b) Find a potential function for F.

¢) Calculate
/ F-dr
c

2

where C' is the curve

r = (sint)i + (4t )7 + (1 —cost)k

=)
as t ranges from 0 to .
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4.2.17 Consider the vector fields
F(z,y,2) = B2% + 2yj + vzk, (v,y,2) e R®.

depending on the real number (parameter) £.

a) Show that F is conservative if, and only if, 3 = 1
b) For B = 1 find a potential function.

c) For § = 5, evaluate the line integral

/F-dR,
C

where C is the straight line from the origin to the point (1,1,1).
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4.2.18 Given F(z,y,2) = (—y +sin (2°2))i + (z + In(1 4+ 3?))J — ze*¥k, compute 7{ F-dr,

c
where C is the (closed) curve of intersection of the hemisphere z = (5 — 2% —
yg)% and the cylinder z® + y? = 4, oriented as shown.

St
i



MATH 294 SPRING 1990 PRELIM 2 # 6 204SPY0P2Q6. tex
4.2.19 Evaluate / F-dr, where F(z,y,2) = z¢**i—J +ze”*k and C is a path made up of

c
the straight-line segments (2,1,0) to (0,0,0) ,(0,0,0) to (0,0,2), and (0,0,2) to (1,2,3),
joined end-to-end as shown below.
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4.2.20 Evaluate

/C (v +2)do + (2 + 2)dy + (@ + y)dz,

where C is the curve parameterized by 7(t) = e’ cosmti+ (3 +1)2 (j+k), 0 < ¢ < 2.
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4.2.21 a) Integrate the function f(z,y,z) = zy + y + z over the path R(t) = sin ticost) —
2tl§:, where 0 <t < 7.
b) Determine the work done by the force F(z,y,z) = zi — yj + zk along this path
as it traveled from (0,1,0) to (1,0,—m).
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4.2.22 Given the surface z = ? + 2y*. At the point (1,1) in the  — y plane:
a) determine the direction of greatest increase of z.
b) determine a unit normal to the surface.
Given the vector field F = 2y?2i + dzyz) + amyzl%,
c) find the value of a for F to be conservative and then determine its potential.
d) determine the work of the conservative vector field along the straight line from
the point (1,2,3) to the point (3,4,5).
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4.2.23 one of the following vector fields is conservative:

i) F=Qy+2)i+(x+2)j+(x+yk

i)  F=("+2")i+ (@ +22)j+ (2% +y°)k

a) Determine which vector field is conservative.
b) Find a potential function for the conservative field.
¢) Evaluate the line integral of the conservative vector field along an arbitrary path
from the origin (0,0,0) to the point (1,1,1).
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4.2.24 Calculate the work done by F = zi + 2j + yk along the path R(¢) = (sin#)i +
(cost)j + tk as t varies from 0 to 2.
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4.2.25 Evaluate the line integral

/ [(z? — y*)dzx — 2xdy]
c

along each of the following paths:
i) Cy : y =222, from (0,0) to (1,2);
ii) Co:z=1t>, y=2t fromt=0tot =1,
iii)  along C; from (0,0) to (1,2) and back along Cs from (1,2) to (0,0). Check this
answer using Green’s Theorem.
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4.2.26 Find the work done in moving a particle from (2,0,0) to (0,2,3%) along a right
circular helix
R(t) = 2costi+ 2sintj + 3tk

if the force field F is given by
F = (day — 3222%)i 4 222§ — 22°2k
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4.2.27 Calculate the work done by the force field

F =42+ (siny — 2))
along the following paths
a) Cp:Ri(t)=sintt +1j, 0<t <.
b) Cy:Ry(t) =1, 0<t <.
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4.2.28 Evaluate the line integral / F - dR where F(z,y) = (z + y?)i + (2zy + 1)j and C
c
is the curve given by R(t) = sin (#*7)i + %5, 0 <t < 1.
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4.2.29 Consider the curve C : r(t) = tcosti+ tsintj + tk, 0 < ¢ < 4m, which corresponds

to the conical spiral shown below.
a) Set up, but do not evaluate, the integral yielding the arc-length of C'.

b) Compute / (y + 2)dz + (z + z)dy + (x + y)d=.
c
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4.2.30 Evaluate / yz2dx + x2°dy + 2xyzdz, where C is any path from the origin to the
point (1,1,265.
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4.2.31 Evaluate / 2zyzdr + x°2dy + 2’ydz, where C is any path from (2,3,-1) to the

. . C
origin.
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4.2.32 For F = 3i — yj, evaluate V x F.
For the same vector F, evaluate the line integral / F - dr along the spiral curve

c
r = 26 that runs from § = 0 to 6 = 57.

Note that in cartesian coordinates dr = dzi + dyj. If you wish to use polar coordi-
nates, dr = dr# + rdf6.
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4.2.33 Consider the force field

zi+yj+ 2k
/.’E2+y2+22

a) Show F to be conservative in the region z > 0, ¥ > 0, z > 0.
b) Find a potential function f(z,y, z) for F.

F(z,y,2) =
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4.2.34 Consider the two-dimensional force field

2z, 2y
1+
22+y? 224y
a) Show F to be conservative in the quadrant z > 0, y > 0 and find a potential

function f(x,y) for F.
b) Find the work done by F along the path R(t) = ti + #%j, from t = 1 to t = 2.

F(z,y) = 5d
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4.2.35 C( is the line segment from (0,1,2) to (2,0,1).

a) which of the following is a parametrization of C?
i) r=2t,y=1—-t, z=2—-¢t 0<t<1.
i) z=2-2t,y=-2t,2=1-2t 0<¢t<1.
iii) = =2cost, y=sint, z=1+sint, 0 <t < 7.

b) evaluate / 3zj - dF.
c
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4.2.36 Evaluate / cosydx — xsinydy + dz where C is some curve from the origin to (2,
c
55 9);
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4.2.37 a) Find a potential function for F = (2zyz + sinz)i + 2°2j + z?yk.

b) Evaluate / F - dF, where C is any curve from (r, 0, 0) to (1,1, 7).
c
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4.2.38 Find
/ 7odi
@)

where F(z,y) = yi + zj and C is the curve given by 7(¢) = ™ Wi+ ¢5, 0< t < 7.
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4.2.39 Evaluate / y222dx + 2zy2>dy + 2zy®2dz, where C is a path from the origin to the
point (5,2,3).
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4.2.40 a) Evaluate 7{ 2dx + xdy where C is the unit circle counterclockwise.
(&

b) Evaluate % 2dx + xdy where Cs is the part of C where y > 0.
Ca
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(4,0,2)
4.2.41 Evaluate / 2x23dx + 32°2%dz on any path.
(0,0,0)
MATH 294 FALL 1996 PRELIM 1 #1 204FAQ6P1Q1.tex
4.2.42 For F = 4i — yj. evaluate V x F.

For the same vector F, evaluate the line integral / F - dr along the spiral curve
c
r = 26 that runs from ¢ = 0 to theta = %ﬂ
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4.2.43 A three-dimensional curve C is parametrically represented by
r(t) = tcosti + tsint] + th, 0 < t < 4r

Describe the curve and sketch it, clearly indicating the start and end points. Set
up, but do not evaluate, an integral over ¢ that gives the length of C.
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4.2.44 The following figures show vector fields derived from real systems:

a) the electric field E emanating from a point charge near a conducting sphere (also
shown are constant lines of potential V f = E, and
b) the velocity field V surrounding Jupiter’s Great Red Spot.

For these vector fields, state whether the following quantities are > 0,< 0,= 0, or
indeterminate from what’s given.

Provide mathematical reasons for your choices.

For part a
B
/ E.dr
A

%ijr

For part b with the area A of interest being some ellipsoidal boundary of the Red

Spot
/ /A (V x V) - idA

//V-VdA;
A

7, is out of the paper
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4.2.45 Let C be the curve parametrized by r(t) = ti + t*j + t°k with — 2
F = %k
a) Sketch the curve C.

IA

t

IN

2. Let

b) From your sketch explain why / F - dr is a positive or negative.
c

c) Evaluate/F-dr.
c
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4.2.46 Integrals. Any method allowed except MATLAB.

a) Evaluate // F -ndo with F = r and S the sphere of radius 7 centered at the
origin. [n is tlsle outer normal to the surface, r = zi + yj + zk].

b) Evaluate | F-dr with F = sin (y)e®i +  cos (y)e*] +  sin (y)ek and the path
C is made ﬁp of the sequence of three straight line A to B, B to D, and D to E.
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4.2.47 a) Find the work / F - dr done by the force F = 6% + 62y along the straight line

C
segment C from the point (1,0) to the point (5,8).
b) Now C' is the unit circle oriented counter-clockwise.
Calculate the flux [ F-nds if F = 4% + zyj. Note: Green’s Theorem may not
e,
be used on this problem
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4.2.48 A wire of density §(z,y, z) = 9y/y + 2 lies along the curve

R(t) = (> —1)j+2tk, -1 <t < 1.

Find (a) its total mass and (b) its center of mass. Then sketch the wire and center
of mass on a suitable coordinate plane.
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4.2.49 Calculate the work done by the vector field
F = zzi+ yj + 2’k
along the line segment from (0,-1,0) to (1,1,3).
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4.2.50 Find the circulation and the flux of the vector field
F =221 — 3yj

in the z—y plane around and across 2 4y? = 4 traversed once in a counter-clockwise
direction. Do this by direct calculation, not by Green’s theorem.
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4.2.51 If V x F = 0, the vector field F is conservative.
a) Show that F = (sec’z + Iny)i+ (§ + ze?)j + e’k is conservative.
b) Calculate the value of the integral

T2
/ F . dr
Ty

along any path from ry = %i +jtors =j+k.



