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Suresh Goyal, Ph.D.
Cornell University 1989

We present a relation between friction ‘load’ (force and torque) and slip ‘motion’ (dis-
placement and rotation) for a rigid planar object sliding on a flat surface, where the
distribution of the normal contact forces between the object and the supporting surface is
assumed to be known @ priori and the friction is assumed to be independent of slip rate.
Every point of frictional contact is assumed to obey a ‘maximum work inequality’, which
generalizes Coulomb friction. Then in analogy with the ‘maximum plastic work inequality’
in classical plasticity, the relation between the total frictional load and slip motion for the
given slider also obeys a ‘load motion inequality’.

The full relation between the frictional load and the slip motion for an object can
thus be described by a convex limit surface in load space, with the instantaneous motion
direction (in conjugate motion space) being normal to this surface, where it is smooth.
The object’s limit surface can be found by Minkowsky addition of the limit surfaces of
the individual contact points or by other simple means. Attention is focussed on the
cause of the occurrence of vertices on the limit surface (where motion is not unique for a
given load) and flat regions (where load is not unique for a given motion). In the special
case of isotropic friction, the possible frictional loads for the given object are also fully
characterized by a single scalar function of the relative position of the center of rotation,
which is called the moment function.

A few special types of contacts are considered in more detail: sliders with discrete
points of isotropic support, points of contact which are wheels or skates, and symmetric
distributions of contacts of these types.

The limit surface gives insight into certain aspects of sliding motion: the propensity
for sliders to rotate about points of support; the uniqueness of incipient motion associated
with a given applied load when inertia is involved: and the existence of special final motion
directions (in body axes), independent of initial conditions, for all rigid planar objects
slowed by dry friction.
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Chapter 1

Introduction

Because mechanical systems with dry frictional contact are generally non-conservative and
are also not governed by linear equations, they do not usually fall into the appealing
structures of either Lagrange’s equations or linear systems theory. However, within the
context of more restrictive assumptions, certain interesting, and perhaps useful results
about the mechanics of slip can be obtained. This dissertation concerns itself with the
following restricted problem.

1.1 Problem Statement

1. A rigid planar body slides on a horizontal planar surface.
2. The contact normal force (or pressure) distribution i3 known a priori.

8. The friction force or traction at each contact point depends on normal force (or pres-
sure) and direction of relative motion.

4. Prictional forces are independent of the magnitude of the slip rate and also of the slip
rate history.

5. The dependence of friction force on direction is consistent with a marimum work
inequality. The mazimum work inequality generalizes Coulomb friction to include
anisotropic contacts mediated by skates and wheels.

Extra assumptions sometimes used are:

6. Isotropy of friction. This yields standard Coulomb friction at each point.
7. Proportionality of friction force (or traction) on normal force (or pressure).
8. Uniformity of properties over the surface.

Subject to the assumptions mentioned above, our central concerns are:

1. Is there a simple representation of the overall relation between the total friction

load (force and moment) due to arbitrary motions (velocity and rotation rate)
of the rigid body?

2. What general conclusions may be drawn about the dynamics of free or forced
sliding of an arbitrary slider?



1.2 Motivation

According to Jellett [1872], development of the ‘Theory of Friction’ should be an integral
part of Rational Mechanics. One task in this development is the formulation of constitutive
laws for frictional slip between sliding surfaces. This task could include postulation of laws
that define friction forces at a point as a function of slip, slip rate, loading conditions, time
effects or any other state variables; experimental test of such laws [e.g. referenced in Oden
and Martins 1984], or the micro-mechanical investigation of the causes of such laws [e.g.
Tabor 1981].

Another task, is understanding the implications of particular friction laws on the over-
all behaviour of sliding objects. This study addresses the motion of rigid bodies with
particularly simple friction laws. In particular, it is centered on the result that for certain
simple friction laws, the overall frictional load and motion relationship for a planar slider
is completely characterized by an appropriate closed and convex surface. Moreover, the
symmetries of these surfaces and their geometrical properties provide useful insights into
the dynamics of sliding.

One possible application of this study is in ‘robotic motion planning’, where sliding
occurs in the manipulation of objects. Some desirable instances of ‘sliding motion’ are
discussed by Mason [1985] where manipulation of a solid object by a robot hand may
involve relative slip without full direct control of all possible degrees of freedom of the
sliding object. Another application could be in the numerical simulation of the dynamic
motion of rigid bodies with dry friction [Lotstedt 1981, Jean and Pratt 1985, Jean and
Moreau 1986}, a few examples of which are presented later. An interesting application is
in finding the stable motions of planar sliders during free sliding, special cases of which,
like the motion of rings and discs are discussed in Ishlinskii et al. [1981] and Voyenli and
Eriksen [1985].

1.3 The Friction Law

The primary friction law that we use is due to Coulomb [1785], Da Vinci [referenced in
Dowson 1979], and Amontons [1699] and is stated as follows: during slip the frictional
force is directly proportional to the normal force and opposes motion. In the theory that we
develop for the overall load-motion relationship, the assumption of an isotropic coefficient of
friction implicit in this law can be generalized to also include all friction laws which satisfy a
maximum work inequality, to be discussed later. We assume that such a friction law applies
at every ‘point’ of contact, whether it is a differential element in a distributed contact
region, or a point carrying a finite non-zero load. Besides Coulomb friction, anisotropic
frictional behaviour modeled as contacts mediated by wheels or skates also obeys the
maximum work inequality.

1.4 Central Result

Assuming a known motion, a Coulomb type friction law that obeys the maximum work
inequality, and known values for the contact pressure and friction coefficient everywhere,
the total friction force and moment can be found by summation or integration over the
region of contact. In some sense, the entire presentation that follows is a discussion of



that sum and its properties. This sum, for arbitrary motions, can be described using a
‘limit surface’ (LS) which fully characterizes the relation between the motion and the total -
friction force and torque acting on a given object.

For any body sliding on a plane with known normal forces and a friction law
that obeys the ‘mazimum work inequality’, the relationship between the friction
force and the motion is characterized by a surface in three dimensional load
space (two components of force and the torque). During slip, the loads are on
this surface and the direction of motion, in three dimensional motion space (two
components of linear velocity and the angular velocity) is the normal to this
surface (where it is smooth). When no slip i3 occuring, the loads are within or
on the surface

The surface Just described is the limit surface (LS) for the shder The relation between
motion and the LS, if as described above, is called normality.

1.5 Friction And Plasticity

The above normality principle is more or less directly quoted from classical plasticity. In
fact, rate independent friction has an intertwined relation with plasticity theory. Friction
is variously used as (a) a metaphor for, (b) an example of, (c) a counter example of, and
(d) something to be explained by plasticity; as reviewed in Michalowski and Mroz [1978].
Frictional slip is () analogous to plastic deformation in that both involve (more or less) rate
independent dissipation; the analogy can be made more precise when particular friction
and plasticity laws are considered. If one thinks of slip as an extremely localized continuum
deformation, then ‘frictional slip’ is (b) an example of inelastic (plastic) deformation. For
the case of isotropic friction, and a finite number of support points between the slider and
the supporting surface, our problem is precisely equivalent to the failure of a frictionless
lap joint held by plastic rivets or bolts, a problem discussed e.g. by McGuire {1968]. Also,
as pointed out by an anonymous reviewer, there is a correspondence between the problems
analyzed here (those that use isotropic friction) with torsion and shear of a very short
prismatic bar (or bars) made of ideally plastic material.

On the other hand, if the normal load is included as a variable, common friction laws
violate the maximum plastic work postulate which is often assumed in plasticity, so that
friction is a (¢) counter example to plasticity in this regard. The micro-mechanics of friction
is still not totally understood, but it is commonly held that (d) plastic deformation of the
adjoining solids during slip is part of the micro-mechanics of frictional dissipation [e.g.
Tabor 1981].

1.6 Limitations Of Model

This study does have its limitations. Though obviously of interest in practice (especially
in robotic motion planning), the way in which external loading is applied to the sliding
object, say with the possibly frictional contact of a pushing finger, is not considered here.

Nor do we consider the set of all possible contact pressure distributions consistent
with a given center of gravity and region of contact as in Mason [1985] and Peshkin
[1985, 1986]. Instead, we discuss only the overall load-motion relation for a given contact



pressure distribution. The requirement that this distribution be known a priori can be a
severe restriction. In practice, the exact contact pressure distribution between contacting
surfaces is almost always statically indeterminate; and there is insufficient information
about surface deviation from flatness and deformation laws for the solid even to calculate
this pressure distribution. In the illustrative examples that we use, simple normal pressure
distributions have been chosen.

Also entirely neglected here are rate and memory effects in the friction laws. Such
effects are surely important for the examination of stability (stick-slip and vibrations, e.
g. Ruina 1983, 1985).

1.7 Literature Review

The literature surveyed briefly below is fairly sharply divided into the following categories
based on the interests of the authors. The main lines of thought are friction laws, plasticity
and friction, normality, moment function, dynamics of slip and motion planning in robotics.

1.7.1 Some Background On Friction Laws

The following works deal with the specification and review of friction laws.

Da Vinci [referenced in Dowson 1979], Amontons [1699] and Coulomb [1785] are cred-
ited with stating the simple friction law that is normally used under the name of Coulomb
friction [Dowson 1979]. Tabor [1981] presents a comprehensive review of the current under-
standing of frictional processes; emphasizing the three main elements involved: the true
area of contact, the area over which the atoms on one surface are within the repulsive
fields of the other; the nature and strength of the interfacial bonds formed at the regions
of contact; and the way in which the material around the contacting regions is sheared
and ruptured during sliding, separation of material some distance away from the interface,
and the ploughing of the softer material by harder asperities.

Oden and Martins [1984] critically review a large body of experimental and theoretical
literature on friction laws as a basis for numerically modeling dynamic friction phenomenon
like stick-slip motion, dynamic sliding and friction damping.

Ruina [1983, 1985] states and reviews some experimentally motivated state variable
constitutive laws where the friction force is a function of slip rate and state variables, with
particular emphasis on relations useful for stability analysis, e.g. stability of steady slip
and incipient slip from a state of rest.

Papers dealing with the directional dependence of friction (anisotropy) are discussed
in a later section.

1.7.2 Plasticity And Friction

Some precepts from the theory of classical plasticity as applied to this work, and their
application towards friction phenomenon are investigated by the following authors.

In a series of papers on plasticity, Drucker [1951, 1954, 1959, 1964] postulates the
Drucker’s stability postulate or the maximum plastic work inequality and interprets it in
terms of the ‘stability’ (meaning different things for different materials) of an elastic-plastic
material under certain dead loading conditions. He also establishes that the postulate
implies convexity and normality of the yield criterion for the material.

-



5

Savvin [1962, 1969] uses some of Zhukovskii’s {1948] results to discuss the equilibrium
between applied loads and dry frictional reactions (Coulomb friction) in rectangular fric-
tional joints and couplings. McGuire [1968] analyzes the behaviour at plastic yield of a
frictionless lap joint held by plastic rivets or bolts, based on Drucker’s stability postulate,
which is similar to the above problem.

In order to find approximate solutions for friction tractions in contact problems with dry
friction, Kalker [1971] assumes the following minimum principle. For a given slip motion,
the associated friction traction distribution (from the set of all possible friction traction
distributions that satisfy the constitutive law of Coulomb friction) over the contacting
area, is that which minimizes the difference between the power dissipated by the Coulomb
traction generated by the slip and the power produced by the applied loads.

Inspired by the theory of classical plasticity, Curnier {1984] presents a general theory
of friction that allows the incorporation of the dependence of the friction forces on the
normal load, the initial roughness of the contacting surfaces and the subsequent wear
of these surfaces. By choosing different potentials for frictional yield to determine the
condition for slip, and for slip velocity to determine sliding directions at slip, the theory
obeys normality of the slip velocity from the slip potential (not the normality we use). The
condition of contact impenetrability is achieved as a by-product through the specification
of penalty matrices. For contacting surfaces that are not microscopically flat, the theory
-is limited to small amounts of slip.

1.7.3 Normality

The following papers either deal with friction laws that obey normality, or argue against
the application of normality to friction in general.

Moreau [1974, 1979] lays down the mathematical foundations of convex analysis as ap-
plicable to friction laws that obey convexity and normality. Though not widely referenced,
he seems to be the only one to extend these ideas from Coulomb friction to anisotropic
frictional behaviour caused by contact with wheels between the slider and the supporting
surface. He clearly distinguishes between the psuedo-potential from which the friction force
is derivable (by differentiation) and the dissipation potential (power dissipated to frictional
forces), and points out possible relations between the two. Stating the friction law with
a limit curve and a maximum work inequality, he shows its interpretation as principles of
maximum and minimum dissipation, i.e. the friction force corresponding to a given motion
is the one that maximizes the power dissipated to friction and the motion corresponding
to a given friction force is the one which minimizes frictional dissipation. He also states
certain principles governing the frictional load motion relation for sliders moving under
constraints.

Michalowski and Mroz [1978] discuss the analogies between plastic flow rules for per-
fectly plastic materials and the sliding rules for perfectly rigid bodies with dry contact
friction. They detail the case of orthotropic friction caused by wedge asperities, each of
which is like a particle moving on an inclined plane with Coulomb friction. Their model
does not result in normality for the overall frictional behaviour in terms of frictional trac-
tions and velocities in the horizontal plane. They conclude that there is no reason that in
general normality would apply to anisotropic frictional contact.

Zmitrowicz [1981 and personal communication] argues strongly against the applicability
of normality to anisotropic dry friction in general.



Ziegler [1981], on the other hand, argues towards the fundamental thermodynamic
validity of normality in thermomechanical phenomenon. He refutes the objections raised
against it (including those of Michalowski and Mroz [1978]) by showing that:

1. The models used to check normality are too simple and do not correctly model
reality, hence they are not conclusive.

2. Normality in motion space does not necessarily imply normality in load space.

3. Care must be taken in the formulation of the dissipation function.

1.7.4 Moment Function

The moment function is the moment of the frictional forces about the instantaneous center
of rotation (COR) as a function of the position of the COR, for planar sliders with Coulomb
friction. The moment function has been investigated by the following authors.

Zhukovskii {1948, the text is in Russian] (Zhukovskii actually died in 1921) studies the
equilibrium between in-plane external loads and frictional forces for a planar slider with
given normal pressure distribution and spatially uniform Coulomb friction. He seems to
be the first to formulate the idea of the moment function and to show that the friction
force can be obtained from it by differentiation. He also states that the moment surface
approximates a circular cone centered at the center of pressure, at distances far removed
from this center. He also observes that the friction force is maximum for pure translation
of the slider, when the friction force and moment can be replaced by a single force passing
through the center of mass of the slider. He proves that the COR when a pure moment
is applied (called the pole of friction or the center of twist) cannot be outside the convex
hull of the contact area.

For support distributions that are not confined to a line, he proves that the center of
twist is unique and the moment function has a minimum at that point. He also proves
that if the moments of all possible frictional force distributions (due to all possible motions
of the slider) are taken about the center of twist, then the maximum of these moments is
the one corresponding to the frictional force distribution obtained due to rotation of the
slider about the center of twist.

Following up on his work, Shvedenko [1986] states and presents a proof of an incorrect
theorem that all moment surfaces are surfaces of revolution about a vertical axis passing
through the unique center of twist. Equation 1.6 in the proof of theorem 1 in his paper is
incorrect.

The present author’s independent development of the moment function approach largely
duplicates Zhukovskii’s [1948] contributions, except for certain new results regarding con-
struction of moment surfaces and their relation to limit surfaces, all discussed in later
chapters.

1.7.5 Slider Dynamics

The following authors have concerned themselves with the dynamics of slip in systems
with dry friction.

Wittenburg [1970] analyzes the planar sliding of homogenous plates of constant thick-
ness on a horizontal plane, with different friction laws. He plots the trajectories of motion
in phase space, of the free sliding of a symmetric bar supported at its ends with Coulomb



friction. From these he shows that the bar comes to rest with final motion being rotation
about one of the ends, and that there is a finite duration of time (before it stops), during
which the bar purely rotates about this end. ‘

Ishlinskii et al. [1981] analyze the free sliding of a uniformly supported ring, a uniformly
supported disk, and a symmetric bar supported at its ends, all with a spatially uniform
Coulomb friction coefficient. They show analytically the existence of final attracting mo-
tions for the ring and the disk, and demonstrates through numerical integration that the
bar comes to rest in rotation about a point of support. They give an incorrect value for the
position of the final attracting centers of rotation of the uniformly supported disk. Voyenli
and Eriksen [1985] arrive analytically at similar but correct results for the ring and the
disk (without reference to Ishlinskii et al. [1985]).

Lotstedt [1981] analyzes the problem of existence and uniqueness of solutions to the
equations governing the motion of two dimensional rigid body systems, moving in mutual
frictional contact (both point contact and line segment contact) with Coulomb friction. He
presents examples of cases where the solution is non-unique or where shocks might occur;
and using mathematical programming results he derives certain sufficient conditions for
existence and uniqueness of solutions.

Jean and Pratt [1985] analyze the dynamics of motion of a finite set of perfectly rigid
bodies subjected to holonomic constraints and to frictional constraints due to contact
between bodies. The applicable dry friction law is the one proposed by Moreau [1974]
which obeys convexity and normality, although they restrict their study to Coulomb’s law.
They formulate the problem as a quasi-variational inequality arising from the dissipational
character of the system and the form of the friction law, and prove theorems about the
existence of solutions.

Jean and Moreau [1986] develop numerical algorithms for determining the dynamics of
systems in the presence of constraints and dry friction (that obeys convexity and normal-
ity), paying special attention to the occurrence of shocks. Amongst other examples, they
simulate the chattering motion of a solid body elastically driven along a plane wall with
Coulomb friction.

Jellett’s [1872] text seems to be one of the earliest texts devoted solely to the theory
of friction, touching upon topics like friction laws, equilibrium between applied forces and
frictional forces, and the dynamics of motion of objects with dry friction. Prescott [1923]
gives a pragmatic rationale for using Coulomb friction, despite its limitations, and shows
the non-uniquenesses that arise in the load motion relation for some simple sliders with
point supports. MacMillan [1936] coins the term ‘center of friction’ for translation with
Coulomb friction and sums the frictional forces and their moments during sliding of some
simple sliders. All three of these authors note the tendency of sliders to rotate about one
of their discrete points of support.

1.7.6 Motion Planning For Robotic Applications

Erdmann [1984] studies the motion of a two dimensional polyhedral object sliding on
a frictionless supporting surface, but touching other two dimensional polyhedral objects
(vertex on an edge contact or edge on a vertex contact) at a finite number of points with
Coulomb friction. The normal force at each point of contact is allowed to vary. He develops
a configuration space projection of the Coulomb friction cone at each point of frictional
contact by generalizing the notion of friction force to include also their moment about a



reference point, and calling it the generalized friction cone, which is similar to the limit
surface described in our work.

He shows that the overall generalized friction cone for a slider with multiple contacts is
the Minkowsky sum of the individual generalized friction cones for each point of contact.
He then shows methods for determining the frictional reactions at the contacts for a given
applied load on the slider, and thence determining the corresponding motion.

He also highlights some motional ambiguities that can occur from the above model in
the form of:

1. Non-uniqueness of the decomposition of the frictional reactions for a slider with
multiple contact points and a given applied load.

2. Situations where maintaining contact or breaking contact between the slider
and the constraining object are both acceptable solutions.

The above results are then generalized for compliant motion of a thtee-d1men51ona.1 rigid
body (three degrees of translation and three degrees of rotation).

Mason [1985] analyzes the in-plane pushing of a rigid slider with in-plane forces, by a
pusher that is assumed to move along a predetermined path; and with spatially uniform
Coulomb friction at all points of contact. Given the non-determinacy of the exact support
pressure distribution between the slider and the supporting surface, Mason formulates
theorems to predict qualitatively the sense of rotation or pure translation of the slider,
for planning robotic manipulation strategies. His theorems are based on the knowledge of
the center of pressure and of the geometry of the shder, the path of the pusher and the
coefficient of friction between the two.

Following up on his work Peshkin [1986] determines quantitative bounds on the possible
motions for all possible support distributions between the above slider and supporting
plane, at any given instant of the pusher’s motion. He obtains the boundary of the locus
of all possible CORs for a given pushing geometry, by scanning a circular region enclosing
the support area with two point supports (one placed infinitesimally close to the center of
pressure and the other on the outer bound on the opposite side of the center of pressure),
and finding the COR which minimizes the energy dissipated to friction.

Alexander and Maddocks [1987] analyze the kinematics and control of robots which
contact the supporting surface through wheels (which can be driven and steered for mobil-
ity of the robot) and castors, with Coulomb friction. They derive the kinematic constraint
equation for each wheel to be in a state of pure rolling (without slip). For motions of these
robots which involve slippage of the wheels, they state that the overall motion of the robot
is that which minimizes the friction functional (the power dissipated to friction forces dur-
ing slip) for the given rotation rates of the wheels, although this friction functional is not
explained clearly.

1.7.7 Summary And Contributions Of Present Work

From the surveyed literature directly applicable to the present study, it may be summa-
rized that the analogy between plasticity and friction is well known. Work exists on the
application of convexity and normality to simple friction laws. The dynamics of slip of
planar rigid bodies in the presence of dry contact friction have been formulated in math-
ematical terms; some problems in their solutions identified; and certain results presented



about the free motions of some classes of objects. The characterization of the friction force
in terms of the moment function is known.
In view of the above, the main contributions of this work seem to be:

1. The development of the three dimensional limit surface description for the fric-
tional load-motion relation of a planar slider, based on friction laws that obey
convexity and normality.

2. Formulation of methods for constructing these limit surfaces.

3. Identification of the correspondence between the non-uniquenesses in the fric-
tional load motion relation and the geometry of the limit surface.

4. Relating moment surfaces to limit surfaces.

5. Application of the limit surface description to obtain results about uniqueness
of motion at forced incipient slip, and existence of certain final motions during
free sliding of arbitrary planar sliders.

1.8 Layout Of Document

The order for the material presented in the rest of the document is as follows.

Chapter 2: The geometry of three-dimensional motion space is defined and related
to the set of CORs (Center Of Rotation) in the plane. Frictional load for a planar
slider is defined and related in a general way to its motion.

Chapter 3: The friction laws considered in this paper are defined in terms of admis-
sible limit curves (i.e. force-translation relation for individual points of contact) and
the maximum work inequality.

Chapter 4: The overall load motion relation of the slider stemming from these friction
laws is examined. The concepts of the limit surface and the moment surface are
developed and their inter-relationships shown.

Chapter 5: Methods for the construction of limit surfaces are developed.

Chapter 6: Methods for the construction of moment surfaces for isotropic friction
are shown.

Chapter 7: Several examples of simple normal pressure distributions with their cor-
responding limit surfaces and moment surfaces (where relevant) are presented.

Chapter 8: Dynamics of simple objects with dry friction are analyzed with particular
attention being paid to the starting problem and the problem of free sliding.

Chapter 9: The load-motion inequality is interpreted as a statement of extremum
principles for frictional slip.

Chapter 10: Some possible frictional models of velocity dependent behaviour are
presented.

Chapter 11: The main conclusions are stated with some possible directions for future
work.



Chapter 2

Basic Relations, Definitions And
Notation

In this section we present basic definitions, relations and notation, needed in the rest of
the document. Bold letters (e. g. P, Q) stand for vectors (lists of numbers), non-bold (e.
8. 9z, qy,w) for scalars or components. Components of vectors are enclosed within square
brackets (e. g. V = [V;,V}]). Components with the subscripts z (e. g. ¢z), ¥ (e. g. ¢y) and
w (e. g. qu) are components along the X, Y and w coordinate axes respectively. Matrices
(e. g. I) are represented with underlined bold letters. All variables are non-dimensional.
Non-dimensionalization is achieved through division or multiplication (as appropriate) by
a reference mass m,, a reference length [, and a reference time ¢,.

2.1 Description Of Motion Of Slider

Since we shall be using rate independent friction laws, we only need the motion direction
(and not its magnitude) at each point of frictional contact to calculate the friction force.
For the planar slider of fig. 1, its instantaneous motion direction can be represented as
either:

1. A pure rotation about an instantaneous center of rotation (COR) C in the
plane. One must specify the position of C and the sense of rotation (clockwise or
counter-clockwise) of the slider. Pure translation of the slider can be conceived
of as a pure rotation about a COR at an infinite distance from the slider.

2. A point on a unit sphere. With V = [V, V] as the linear velocity of the slider
and w its angular velocity, Q = [V;, V},w] specifies the complete velocity of the
slider. Then its motion direction is given by the ‘motion vector’ q = Q/|Q| =
(42, qy, gu], or the ‘versor’ in the language of Zmitrowicz [1981)].

The set of all possible motion vectors q for the slider is the set of unit vectors in R3,
i. e. points on a unit sphere centered at the origin of the three dimensional motion space
([Vz, Vy,w] space), as shown in fig. 2. '

10
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2.1.1 Geometric Relation Between The Motion Vector And
The COR

Mason [1985] noted the one-to-one correspondence between signed CORs and points on
a unit sphere. The following construction shows that the sphere can be the unit motion
sphere centered at the origin of three dimensional motion space and representing the set
of all possible motion vectors at O. Fig. 2 shows two copies (one for each rotation sense) of
the plane of rotation centers, placed at the ‘north and south pole’ of the unit sphere, with
the origins of their coordinate systems coinciding with the poles of the sphere. The w axis
is perpendicular to these planes, and the coordinate systems for the upper plane and the
bottom plane are rotated 180° (about the w axis) with respect to each other so that the
positive Y, axis of the upper plane is parallel to the positive V; axis of the motion space.

The COR corresponding to a motion vector q (coordinates [¢z,gy,qu] on the unit
sphere), is found by extending the ray q until it intersects the plane of CORs at the
point ‘C’, with position re = [Xc,yc] in the plane of CORs. The upper hemisphere of
the unit sphere projects onto the upper plane of CORs with associated positive angular
velocities and similarly the lower hemisphere projects onto the lower plane of CORs with
associated negative angular velocities.- The equator (corresponding to pure translation of
the slider) maps into a single circle at infinity. The projection we have explained describes
the one-to-one correspondence between the set of all possible motion vectors and the set
of all possible signed CORs, including the circle consisting of the CORs at infinity. This
projection is justified in detail in appendix A.1l.

2.2 Description Of Frictional Load

Frictional load is defined as the net frictional force F=[F;, F,] and frictional moment M
(about a vertical axis passing through the reference point ‘O’) that a rigid planar slider of
arbitrary shape and pressure distribution exerts on the flat supporting surface on which it
slides. It is expressed as the ‘generalized friction force vector’, P=[F,, F;, M]. If inertial
forces were neglected, P would be equal to the total external in plane load that must
be applied to the sliding object to overcome friction. It is negative of that which would
appear in a free body diagram of the sliding ob ject as representing the total frictional forces
and frictional moments acting on the object. Alternatively one can imagine the contact
surface, including an infinitesimally thin (massless) layer of the rigid solid, as a separate
mechanical system. The distributed forces — f; and — f; act on it from the support plane.
The generalized load P=[F;, F,, M] is the resultant of the forces from the rigid body on
to that thin layer (whether or not inertial terms are important in the slider dynamics), as
shown in fig. 3.

2.2.1 Summation (or Integration) of Forces And Moments

Consider the planar slider of fig. 4 with ‘C’ (its instantaneous COR) at re= [rez,7¢y]. We
take elemental areas da of the slider at ra=[r,z,rsy] where the frictional force is given by
fa=[faz, fay]. Summing forces and moments over the area A of the slider gives:

F, =/Afazda, Fy =Lfayda, M =L(razfay —Tayfaz)da (2.1)
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We can also calculate the moment of the frictional forces M. about a vertical axis passing
through C as:

Me=M+1ex F = [ (0= 20)fay = (va = e)foz)da (22)

The integrands in the above equations can sometimes be written in terms of the motion
vector g, once the pressure distribution is known and the directional dependence of friction
specified. For isotropic Coulomb friction fa will be parallel to the direction of the slip
velocity v, at da, independent of the speed but directly proportional to the normal force at
da. If points of support are involved, the integrands contain delta functions (or equivalently
are replaced by sums).

2.2.2 Indeterminacy Of P For COR At Finite Support

If the slider has finite support points and one of these points is also the instantaneous
COR, there is for the friction laws considered here, an indeterminacy in the friction force
at that point (having no relative velocity with the supporting surface), and the integrals in
equations 2.1 and 2.2 cannot be evaluated. This indeterminacy corresponds to a flat facet
on the limit surface, as will be discussed. If the COR is at a point of distributed support,
the indeterminacy of the finite integrands at that point does not affect the value of the
integrals, so the friction force is usually then determined by the equations of motion.

2.3 Important Points On Slider

Certain points on the sliding object are now identified. The ‘center of mass’ (CM) of the
planar object is the centroid of its mass distribution. The ‘center of pressure’ (CP) is the
centroid of the contact pressure distribution between the sliding object and the supporting
surface. With all externally applied loads being in the plane of the slider (except gravity),
and with either a) negligible acceleration or b) center of mass on the plane, then its CP is
the same as its CM.

The “center of twist’ (CT) is that COR for which the generalized load is a pure moment.
Or in other words, the CT is that point about which the planar slider begins to rotate,
if a pure moment load is applied to it. Zhukovskii [1948] calls the center of twist the
‘pole of friction’. The CT is not necessarily unique. As an example, for a symmetric
thin bar supported symmetrically at its ends with Coulomb friction, all points on the
bar are centers of twist. For isotropic friction, the CT lies within the convex hull of the
support distribution, as can be shown [Zhukovskii 1948]. But this is not necessarily true
for anisotropic friction. For example, for the same thin symmetric bar as above, supported
symmetrically at its ends with ideal wheels (to be defined) with their axes perpendicular
to the bar, all points in the strip shaped region contained between the two parallel lines
drawn at the ends of the bar (and perpendicular to it), are centers of twist.

The centroid of the frictional forces during pure translation is called the ‘center of
friction’ (CF) [MacMillan 1936, Mason 1985]. Assuming isotropic Coulomb friction, the
CF is unique, and it lies within the convex hull of the support distribution.

For uniform isotropic friction and in-plane loads (for example all the pressure distribu-
tions considered by Zhukovskii [1948]), CP=CF. Additionally, if the pressure distribution
has certain symmetries, then all the above points (CM, CP, CT, CF) coincide. For all of
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the friction laws we consider, the magnitude of the friction force turns out to be maximum
during pure translation of the slider, and for isotropic friction, its line of action is through
the CF.

2.4 Equations Of Motion

The motion of a planar slider is governed by the equation:
dQ
e_P_ = )
Pe-P=] = (2.3)

where P® = [F7, Ff, M*] is the externally applied load at the center of mass (CM) of the
slider, P is the frictional load at the CM,

dQ/dt = [dV;/dt,dV, /dt, dw/dt]
is the generalized acceleration of the CM of the slider and 1is the generalized inertia matrix
given as:
m 0 O
1 = { 0 m O
0 0 J

Here m is the mass of the slider, J = mpg is the mass moment of inertia of the slider about
a vertical axis passing through the CM and pg is its radius of gyration.

If equation 2.3 is non-dimensionalized by choosing the reference mass m, = m and the
reference length I, = p,, the governing equation of motion for the slider becomes:

e_p_9Q
Pe-P=—2 (2.4)



Chapter 3

Friction Law At One Point

The frictional behaviour at the interface of two solids that are sliding against each other
is a complex thermomechanical and chemical phenomenon dependent on a multitude of
factors [e. g. Tabor 1981], and no single constitutive law has been able to encompass them
all [Oden and Martins 1984]. The friction laws we choose neglect the constitution of the
interface, the dependence on the relative rate of slip between the surfaces and the history
of contact.

We consider only the direction of slip and the normal force (or pressure) at each point
(or elemental area) of contact; a further simplification for our problem assumes that the
normal force distribution is known and is fixed. For most of the presentation we also
exclude the possibility of a single point having a resisting frictional torque (resistance to
rotation), something that might be included to model a small but finite region of support
like a ‘soft finger’. The presentation below for each point of frictional contact applies also
to elemental areas of contact (da) in regions of distributed support.

3.1 Limit Curves And Maximum Work Inequality

At each point of frictional contact with a fixed normal force, the friction law is assumed
to be expressed by the specification of:

1. A closed curve in force space ([fz, fy] space), called the limit curve (LC), on
which lie the frictional forces corresponding to all possible directions of slip at
the point of contact. The LC encloses the origin.

2. The maximum work inequality which can be stated as :
(f-f)-v>0 (3.1)

where f and v are the frictional force and the slip velocity respectively, related
by the friction law with f lying on the LC, and f* is any other friction force
lying within the LC.

A schematic of such a friction law is illustrated in fig. 5. Inequality 3.1 [Hill 1950 and
1967, Drucker 1951, Rice 1970] provideés our basic link with classical plasticity. By classical
arguments [Drucker 1951] and geometric reasoning [Moreau 1974, 1979], the maximum
work inequality implies that the LC must be convex, and that any f and v related by the

14
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friction law are such that the direction of v is given by the normal to the LC at f, where
the LC is smooth. Hence the LC can be used to specify a unique relation between f and
the direction of v, in all smoothly curving parts of the curve.

At a vertex on the LC, within the constraints implied by inequality 3.1, the motion
direction v is not unique for the given friction force f, and a whole range of motion
directions are associated with f. Similarly on a straight segment of the LC, within the
constraints implied by inequality 3.1, the friction force f is not unique for the given motion
direction v, and a whole range of friction forces are associated with the motion direction
V.

3.2 Friction Models That Satisfy The Max1mum
Work Inequality

The following friction laws can be specified in the manner described above, since they all
obey the maximum work inequality.

3.2.1 Coulomb Friction

If the friction law governing the frictional interaction at the point of contact ‘a’ is isotropic
Coulomb friction, then it can be specified by a LC which is a circle of radius |fa| and the
maximum work inequality, as shown in fig. 6. Here f, is the friction force associated with
a slip direction v, at ‘a’ and also it is parallel to v,.

3.2.2 Frictional Contact With Wheels

When the frictional interaction between the slider and the supporting surface occurs
through perfectly rigid and massless wheels, with the friction law between the wheel base
and the contacting surface being isotropic friction; then the frictional behaviour depicted
between the slider and the supporting surface by ignoring the wheels, exhibits anisotropy
[Moreau 1974, 1979]. Fig. 7(a) shows a planar slider with a small embedded wheel that
rolls or skids on a horizontal supporting surface. The shape of the LC for the friction law
between the slider and the supporting surface depends on whether the axle of the wheel is
completely frictionless, has bearing friction or is ratcheted, as shown below.

1. Completely ideal wheel (or skate): If the wheel is completely ideal (i.e. no
friction at the axle), which is also equivalent to the slider having an ideal skate
instead of the wheel, then the only frictional resistance to the sliding of the slider
on the supporting surface is felt when the wheel between them skids along its
axis. Hence the LC is given by the straight line segment (parallel to the axis
of the wheel) shown in fig. 7(b). This is a highly singular LC with respect to
the f, v relationship. It shows non-uniqueness in the f, v relationship from the
presence of both vertices and straight segments. The straight segment passing
through the origin corresponds to rolling forward and backward of the wheel
(without slipping), and its ends correspond to skidding sideways of the wheel.

2. Wheel with bearing friction: If there is bearing friction at the axle of the
wheel which is less than the frictional resistance at the base of the wheel during
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sideways skidding, then the LC is given by the convex curve shown in fig. 7(c).
The straight segments on the LC correspond to pure forward and backward
rolling of the wheel and the circular arcs correspond to skidding. Note that if
the bearing friction is either equal to, or greater than the frictional resistance
to skidding, then the wheel does not roll and the LC is the circle of isotropic
Coulomb friction.

3. Wheel with ratchet: If the axle has a ratchet so that the wheel is allowed to
roll freely only in one direction and it locks in the other direction, then the LC
is the closed semicircle of fig. 7(d). The straight segment passing through the
origin corresponds to the rolling of the wheel in the preferred direction and the
semicircle corresponds to skidding along the other directions.

3.2.3 Other Friction Laws

Ziemba [1952] specifies a law of anisotropic friction that obeys the maximum work inequal-
ity and whose LC is an ellipse. Moszynski [1951] in Michalowski and Mroz [1978] presents
some other anisotropic friction laws that obey the maximum work inequality.

3.3 Friction Laws That Do Not Obey The Maximum
Work Inequality

The requirement that acceptable friction laws satisfy the maximum work inequality is
a definite restriction because there is no a priori reason to expect that all friction laws
should obey it. It is easy to imagine friction laws that violate inequality 3.1, although
their thermodynamic validity may be disputed [Ziegler 1981].

A variation on Coulomb friction with the friction force not bemg parallel to the slip
direction but making a non-zero angle with it, has a LC which is convex, but does not
obey inequality 3.1, as shown in fig. 9(a). A contact between a slider and the supporting
surface mediated by the infinitesimally small (massless and perfectly rigid) castor wheel
shown in fig. 8(a) manifests this not-normal friction law. The castor consists of a massless
rigid ‘L’ shaped structure (in a plane parallel to the slider), one end of which is pivoted
to the slider, and the other end has a wheel with bearing friction mounted on it. The
castor pivots about the vertical axis in a frictionless bearing at its point of attachment to
the slider. For any given slip velocity of the slider at the castor pivot point, the castor is
given time to relax to an equilibrium orientation through rotation about the pivot. The
equilibrium orientation of the castor wheel for a given slip direction v would be one for
which the line of action of the corresponding friction force f passes through the pivot point,
as shown in fig. 8(b). The LC for such a frictional contact is as shown in fig. 9(a). So
although the instantaneous force velocity relation for the castor seems to obey convexity
and normality, if it is given the time to attain an equilibrium orientation, then the resulting
friction law for the slider does not obey normality.

A simple model of anisotropy, with the friction force always parallel to the slip direction
and magnitude dependent on direction, also does not obey inequality 3.1, as shown in fig.
9(b).

The microscopic model for friction of Michalowski and Mroz [1978] describing anisotropy
due to wedge asperities, also does not satisfy inequality 3.1. The orthotropic friction tensor
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Chapter 4

Overall Load Motion Relation

We now proceed towards the overall frictional load and motion relation for rigid planar
sliders based on the friction laws described previously.

4.1 Possible Descriptions And Problems

One expects that the full characterization of the relation between load and motion for
a slider of the type being considered here would involve, say, the ability to determine
the friction load (two force components and a moment) for any possible motion. For a
given contact pressure distribution and friction law, this involves (when it is possible) the
evaluation of three integrals (equation 2.1) for every possible motion. Since the friction
laws we use are rate independent, one need only consider all sets of signed CORs or all
points on the unit motion sphere for possible motions.

Thus the frictional behaviour is characterized by three real valued functions [F;, Fy, M]
over the two planes of CORs or over the unit motion sphere. Only in special cases can the
integrals in equation 2.1 be evaluated analytically. Further, depending on the friction law
and the support distribution, these integrals may have indeterminate values, such as when
the COR is a point of finite support. If one arbitrarily specifies the motion, there is low
probability of the implied COR coinciding with a support point, and the indeterminacy
associated with this situation may not seem to be a problem. However, for specified load
directions, it turns out that such motion is quite likely.

If one does not know the contact pressure distribution or the friction law, then alter-
natively, one can characterize the object’s sliding behaviour experimentally, and one has
the experimental task of finding three functions of two variables. For a given friction law,
all information can be derived from the contact pressure distribution (just one function of
two variables), evaluated over the region of contact. However, finding this pressure from
the given load motion information involves solving the integral equations 2.1. To use the
information about frictional forces during slip, the integrals in equation 2.1 need to be
evaluated again, for all motion directions.

With the limit surface (LS) description that is described below, an object’s frictional
behaviour is characterized by one closed, convex surface in three dimensional load space
(equivalent to one function of two variables) instead of three functions of two variables.
Indeterminacies in the load motion relation have clear representations in terms of the shape
of the LS. Fortunately, the LS gives a somewhat simplified and complete description of the
given object’s sliding behaviour and additionally, it helps clarify (though not completely
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remove) some indeterminacies, like those associated with rotation about finite support
points.

4.2 Limit Surface And The Load Motion Inequality
For The Slider

The limit curve (LC) in the {f;, f;] plane, when used with the maximum work inequality,
fully describes the rate independent frictional properties of a point of contact. The LC can
be replaced by an equipollent limit curve in load space ([F;, Fy, M| space) with its origin
at ‘O’. This equipollent LC and its interior in three dimensional load space is called as the
‘individual limit surface’ for the point of contact and it can be considered as a closed (flat)
surface. The friction force (or traction) at each point of contact contributes to the total
frictional load P = [F;, F, M} at ‘O’, through the sums in equation 2.1. Hence the overall
LS for the slider, which completely characterizes its frictional behaviour, can be obtained
by appropriate summation of points from the individual limit surfaces.

The formal construction of overall limit surfaces in load space ([F, Fy, M] space) follows
directly from inequality 3.1 for each point of support and the principle of virtual work
(PVW), which may be expressed as:

P.Q=Yf-v (4.1)

where P and f are any generalized load and force distribution respectively, related by the
equilibrium equation 2.1; and Q = [V, V},w] and v (slip velocity at point located at r)
are any generalized motion vector and velocity distribution respectively, related by the
compatibility equation: '

v=(v,vy) =(V-wxr)=(V; —wry,Vj +wr;)

Now suppose that both f and f* are frictional force distributions that do not violate the
slip condition anywhere (f and f* are on or inside their limit curves) and they correspond
respectively to P and P* through equation 2.1. Further, f is also consistent with the
friction law for the motion Q. Applying the PVW (equation 4.1) and inequality 3.1 to
each of the two cases ((P,f) and (P*,f*)), and then subtracting, gives:

(P-P*)-q>0 (4.2)

So P is the load vector at O during slip associated with a motion vector q = Q/|Q|, and
P* is any other load vector at O during no slip or during slip with a motion vector different
from q. If the constitutive law for frictional interaction between the two sliding surfaces
obeys inequality 3.1 at each microscopic contacting element, then inequality 4.2 is the
macroscopic load motion inequality that is obeyed by slip loads and associated motions
for the slider at O.

4.2.1 Convexity And Normality Of LS

The structure of the load motion inequality 4.2 is identical to the maximum work inequality,
and by classical arguments [Drucker 1951], it leads us to the LS description: The load P
and the associated motion vector q for the slider are related to each other by means of a
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closed, convex surface (the limit surface) in three-dimensional load space. When the state
of load is inside the LS, no motion occurs, and when motion occurs, the load P is on the
limit surface. If the LS is smooth at P, the slider slips with a motion vector q which is
the normal to the LS at P.

Analogous to the friction law at each point of contact, the constitutive law for frictional
slip for the slider can now be expressed by the specification of:

1. A closed surface in load space ([F, Fy, M] space), enclosing the origin, called
the LS, on which lie the frictional loads corresponding to all possible motions
of the slider.

2. The load motion inequality, (P — P*)-q > 0.

Limit surfaces are usually specified at the reference point ‘O’ coinciding with either the
CP, or the CF, or a CT of the slider.

Convexity of the limit surface is defined as follows: given any two points P; and P,
in load space that are on or inside the surface, the line segment Py P is inside or on the
region contained by the surface. An equivalent definition of convexity is that at any point
on the surface, a plane exists (the tangent plane) that divides the space into two half
spaces such that one of the half spaces has no point of the surface interior. For a strictly
convex surface the plane would include only one point of the surface boundary. In either
case inequality 4.2 is the mathematical statement of convexity and normality of the LS.

When the LS is specified with reference to a CT of the slider, then the maximum
moment of the frictional forces is seen at the point when the LS intersects the M axis, a
fact that is true due to the convexity and normality of the LS, and a result which agrees
with that of Zhukovskii [1948].

4.2.2 -Non-Uniquenesses In The Load Motion Relation

At a vertex or an edge of the LS (non-smooth region of the LS), within the constraints
implied by inequality 4.2, the motion direction q is not unique for the given load P, and
a whole range of motions are associated with P. Similarly on a flat region or a straight
segment of the LS (regions of constant slope on the LS), within the constraints implied by
inequality 4.2, the load P associated with the given motion q is not unique, and a whole
range of loads are associated with the same q.

For isotropic friction, vertices occur on the limit surface only for sliders that have all
support points on one line. In this case whole sets of CORs (and hence whole sets of
motion vectors) lying on this line but outside the region of support, give the same total
frictional load. Because each of the CORs belonging to this set give the same direction
of velocity at the support points, this implies the same frictional force at these points,
and the same total load on the slider. If the supports are not all collinear and friction is
isotropic, then the limit surface is smooth everywhere. However, for anisotropic friction,
non-collinear support does not guarantee smoothness of the LS, as shown later.

Also for isotropic friction, flat regions occur only for sliders that have discrete points of
support. When the motion is such that one of these discrete points of support is the COR
(i.e this point of support is not moving), then the frictional force at that point and hence
for the whole body is not uniquely determined. In fact for sliders with discrete supports,
every point of support, leads to two parallel flat facets on the limit surface of the slider.
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For sliders with distributed support, the LS has no flat regions. Again, this last statement
is not necessarily true for anisotropic friction, as shown later.

For models of anisotropic friction that we consider, the non-uniqueness in the load
motion relation is a bit more complex because the individual limit surfaces for each point
of support have straight edges; and these straight edges show both the non-uniqueness
characteristics of vertices and flat regions. As can be visualized, a straight edge on the
three dimensional LS not only has a whole range q of motion vectors for any candidate
load lying on this edge, but corresponding to this range q of motion vectors, we have the
whole range P of loads lying on the edge, so that there is indeterminacy both ways.

4.2.3 Symmetries Of Limit Surfaces For Isotropic Friction

The limit surfaces of sliders with isotropic friction, have certain easily understood symme-
tries which are highlighted below. If load P (associated with motion q) is on the LS for the
slider, then load —P (associated with motion —q) is also on its LS. Because reversal of the
motion q of the slider leads to reversal of the slip direction at.each point of support. This
leads to a reversal of the friction forces at each point of support and hence a reversal of
the load P. The section of the LS on the force [F;, F}] plane is always a circle. If the LS is
drawn at the reference point O coinciding with the CF for the slider, pure force loads have
pure translation as one of the possible motions. Also then normality and convexity imply
that any load in the positive M half-space corresponds to a positive sense of rotation and
any load in the negative M half space corresponds to a negative sense of rotation.

The LS presents a more visual interpretation to Mason’s theorems [1985] for predict-
ing the sense of rotation or a state of pure translation of the slider by determining the
moment of the frictional forces about the CF, for both displacement and force boundary
conditions on the slider. For a clockwise moment, they predict clockwise rotation,-for an
anti-clockwise moment they predict anti-clockwise rotation, and for zero moment, a state
of pure translation of the slider.

For sliders with symmetries in the pressure distributions and uniform, isotropic co-
efficients of friction, and equivalent symmetries in the limit curves of individual points
of support, additional symmetries of the LS drawn at the CT exist, allowing a simpler
geometric description of the LS. For example, the LS for a bar supported at its ends (illus-
trated later) can be obtained completely if its shape in one octant in load space is known.
The limit surfaces for objects with axially symmetric support distributions, like uniformly
supported annuli and circular discs, are surfaces of revolution about the M axis. An ob-
ject with a three-fold rotational symmetry has a three-fold symmetric limit surface (not
necessarily a surface of revolution), etc..

4.2.4 Evolution Of LS Due To Motion Of Slider

A given LS specified at a certain reference point completely characterizes the load mo-
tion relationship only for the given contact configuration of the slider and the supporting
surface, and fixed normal pressure distribution. We assume that the contact pressure
distribution remains fixed and known in a slider fixed coordinate system, throughout the
slider’s motion. Then depending on the nature of the contacting surfaces and their ge-
ometries and the friction law specifying the frictional interaction, the contact geometry
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between the slider and the supporting surface may change due to the motion of the slider.
And this may lead to a change in the shape of the LS, a fact that we now investigate.

If the supporting surface is completely isotropic and homogenous (in frictional proper-
ties), then the LS for the slider (irrespective of whether the slider is frictionally isotropic or
anisotropic) has a fixed shape which rotates in load space about the M-axis, as the slider
rotates in physical space (about an axis perpendicular to the supporting plane). The rota-
tional velocity for both the LS and the slider is the same. That is, the LS rotates with the
slider and is most conveniently defined in a slider fixed axis system. An example would be
a slider that makes contact with a completely smooth horizontal surface through wheels
attached to the slider. Additionally, if the LS is a surface of revolution about the M-axis,
then it does not change at all. An example would be a thin ring supported uniformly with
wheels (having their axes aligned tangentially to the ring) sliding on a smooth horizontal
surface.

If the slider is completely isotropic and axisymmetric with regard to both support dis-
tribution and frictional properties, then the LS for this slider (irrespective of the anisotropy
of the supporting surface) has a fixed shape and orientation in load space that does not
rotate in load space, as the slider rotates in physical space. An example would be a smooth
circular disk sliding on a bed of parallel wheels.

If both the slider and the supporting surface are anisotropic, then the LS for the slider
rotates and changes shape in load space, as the slider moves in physical space and a single
LS cannot characterize the sliding behaviour of the given slider as it moves.

For all the above cases, during the final stages of the slider’s motion before it comes
to a halt, when the velocities of the slider are infinitesimal; the changes in the contact
geometry, support distribution and frictional properties due to the motion of the slider,
all approach zero, and the LS has a fixed shape and orientation in load space. This fact
is used to get an important result about the final motions from the asymptotic analysis of
free sliding sliders.

4.3 Dissipation Function

It can be observed that the most important quantity that appears in inequality 4.2, and
that which governs the load motion relationship of a sliding object in the presence of
dry friction is P - q or the power dissipated by friction, and aptly termed the dissipation
function; as mentioned in Moreau [1974, 1979], Michalowski and Mroz [1978], Ziegler
[1981] and Curnier [1984]. For friction laws that obey the maximum work inequality, the
dissipation function D serves as the inverse to the limit surface description. In our case the
dissipation function is D = P - Q and should be thought of as a function of Q. Surfaces of
constant dissipation, i.e. D=constant, in motion space (Q = [V;, V},w] space), are closed
and convex. The normal to the surface of constant dissipation D, for a given Q in motion
space can be shown, using the chain rule and normality of the LS, to be equal to the load
P. Namely, where D is differentiable:

P=

aD [6D aD BD]

== o o, 4.3
9Q ~ |3V, 3V, ow (4.3)
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4.4 The Moment Surface For Isotropic Friction

For sliders with isotropic friction and known normal force distributions, the total moment
M, of the frictional forces about a vertical axis passing through the COR can be plotted as
a surface in [z, yc, Mc] space, because M, is a real valued function of the two variables of
the position re = [z, yc] of the COR [Zhukovskii 1948]. The M. function does not have any
uniqueness problems (as does the friction force f) associated with rotation about points
of support. We call this surface the ‘moment surface’ (MS) and like the LS, it completely
characterizes the frictional load motion behaviour of the slider, as shown below.

4.4.1 Moment Surfaces And Limit Surfaces

Returning to the slider of fig. 4, we consider an elemental area da at ra = [raz,7ay), having
a coefficient of friction yu, and normal force N,. If the COR is at re = [z¢,yc], then the
frictional force F = [F;, F,] over the area A of the slider is given by:

Fz—/ fazda = — /I‘aNa! Yo gq

a—tc|

F’,,—/ fayda—/ palNa 222 da

_ rcl
The M, function for the slider is given as:

MC = '/‘4(1'. - l‘c.) X f‘da = AﬂaNalr. - rclda

By differentiating M,(z.,y.) with respect to z. and y., we obtain:

aMc_/ua _zcd —_Fy

axc - rcl

/ﬂaNal ycda_Fz
Ta

“rcl
M=M.+r.xF

Condensing the above results we get:

6yc

oM, oM.
Fz—- ayc 3y Fy—-—'azc, M—Mc—rc'VMc (4.4)
where
_2 0,
‘9z, Oy,

Equation 4.4 shows that for sliders with isotropic friction and known support distribu-
tion, the components of the frictional load [F;, Fy, M] or the LS can be obtained analytically
through differentiation of its Mc(z.,y.) function, where it is differentiable. Hence the MS
effectively parameterizes the LS, with the parameters being the coordinates (z.,y.) of the
COR in the plane.

We show in the appendix A.2 that the unit normal to the LS at a point P(z.,y.) =
(Fz(ze,Ye), Fo(ze,ye), M(zc,ye)], is indeed the motion vector q associated with P(z.,y.).
This connection between the MS and the LS allows us to understand the limitations on
the geometric characteristics of the MS and the relation between the singularities (vertices
and flat regions) on the LS and the MS. Equation 4.4 implies that: :
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1. A vertex (a slope discontinuity) on the MS at a point M.(z.,y.) corresponds
to a flat region on the LS for the motion vector q associated with the COR at
(z¢,yc). Conversely, a flat region on the LS corresponds to a vertex on the MS.

2. A flat region (region of constant slope) on the MS corresponds to a vertex on
the LS and conversely, a vertex on the LS corresponds to a flat region on the

MS.

4.4.2 Some Properties Of Moment Surfaces

The minimum of the MS occurs at the CORs which are the CTs for the slider because
at a minima, we have (equation 4.4) F; = F, = 0, or a state of pure torque, and except
for sliders with a single point of support, this torque M = M, # 0. Moment surfaces
are convex surfaces that do not have straight edges because limit surfaces for isotropic
friction do not have straight edges. It will be shown in a later section that limit surfaces
for isotropic friction do not have straight edges. M, > 0 for w > 0 and M, < 0 for w < 0.
In regions far removed from the contact region, the MS closely approximates a circular
cone.

4.5 MS And LS For A Bar Supported At Its Ends

As an illustration, we consider the MS and the LS for a one dimensional bar, supported at
its two ends with Coulomb friction, each a unit distance away from its center at O (fig. 10).
The total frictional load F; and Fy and a moment M are also shown. We assume a unit
coefficient of friction and unit normal force at each support point; fuz, fay and fj, fiy are
the components of the frictional forces acting on the supporting surface due to frictional
interaction with the slider at the support points ‘a’ and ‘b’ respectively.

Fig. 11 shows a part of the MS for the bar, which along with its reflection about
the [z¢,yc| plane (for w < 0), forms the complete MS for the bar. It is convex and
smooth everywhere except for two vertices. Its minimum lies along CORs corresponding
to rotations of the bar about points lying on it, which implies that all points on the bar
are CTs. At regions far away from the bar, the MS approaches a circular cone in shape.
Fig. 12 shows the limit surface for the bar, which is a closed and convex surface (loosely
describable as an ovaloid with four flattened elliptical facets) smooth at all points except
at four vertices lying on the [F,, M| plane. It also has four planar elliptical faces, which
correspond to the vertices on the MS; corresponding to the rotations of the bar about the
points of support. The vertices on the LS correspond to the straight lines on the MS;
which correspond to the rotation of the bar about points on the y-axis, except the points
of support. The sections of the LS on both the [F;, F] plane and the [F}, M] plane are
circles, and the section on the [F;, M| plane is a square. It has reflection symmetry about
each of the coordinate planes, i.e. the [F;, F}| plane, the [F}, M] plane and the [M, F;]
plane. In fact, the complete shape of the LS can be determined, if its shape is known in
Jjust one octant in load space. The construction of these surfaces will be discussed in later
sections.

To examine the consequences of normality for this LS, we look at its section on the
[Fz, M] plane, which, as just stated is a square, fig. 13. For any load vector P = [F;, 0, M]
in the first quadrant, the resulting motion vector q for O is given by the normal to the LS
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at P, as shown, and it corresponds to instantaneous counter-clockwise rotation of the bar
about support point ‘b’. For a ‘pure force’ load vector i.e. say for P lying on the vertex
of the LS on the positive F, axis, there is no unique normal, but all motion vectors in the
circular arc outlined in the figure are possible motions. This implies that if the bar were
only acted upon by a force in the direction of the z-axis, it would either rotate counter-
clockwise about any point on the positive y-axis except the interior of the bar or rotate
clockwise about any point on the negative y-axis except the interior of the bar. Similarly
for a ‘pure moment’ load vector with positive moment, lack of uniqueness of the motion
vector and the set of possible motion vectors as outlined in the figure imply that the bar
can rotate counter-clockwise about any point on the bar between ‘a’ and ‘b’. Incidentally,
this object and these motions are discussed by Prescott [1923], but without limit surfaces.



Chapter 5

Construction Of Limit Surfaces

Given the normal pressure distribution and the friction law everywhere over the contacting
surfaces, the overall LS for the slider can be obtained either by the Minkowsky summation
of the individual limit surfaces, or by differentiation of the MS, or analytically by direct
integration. The individual LS in [F;, F},, M| space for any point of contact can be obtained
from its LC; the case of isotropic friction is described in detail below.

5.1 LS For A Point Of Isotropic Contact

The LC for a point of isotropic support ‘a’ at ra from the reference point ‘O’, is a circle
of radius |fa| centered at ‘a’ (fig. 6). Each of the friction forces fa = [faz, fay] at ‘a’ can be
replaced by equipollent generalized load vectors p,. at O, given by:

Pa = [faz,fay, Fa X fa] = [faz, fay,rafa Sino]

where § is the angle specifying the orientation of f, with reference to r,.

These pa are then the applied loads at O during slip at ‘a’ with any possible direction
of slip velocity v, at ‘a’. The locus of all these p, in load space is an ellipse (appendix
A.3). This ellipse and its interior are the limit surface for the slider at O due to frictional
contact at the point ‘a’; as shown in fig. 14. Each point pa on this limit surface corresponds
to the load at O during slip at ‘a’, with a motion vector q at O that is the normal to this
LS at pa. The projection of this limit surface on the [F;, F,] plane is a circle of radius
fa, because a physical interpretation for the construction of this LS is that the LC for the
point of contact ‘a’ is translated to the reference point O and then to each force on this
LC is added an altitude corresponding to the moment of that friction force about O.

Forces whose lines of action pass through O, i.e. fy || ra, have no moment about O
and the LS intersects the [F;, Fy| plane along the direction of ra. Friction forces that are
perpendicular to ry, i.e. fa L ra, have the maximum moment about O. The minor axis of
this ellipse is f,, major axis is f,(1+72)% and the angle 8 which it makes with the [Fz, Fy)
plane is given by tan 8 = |ra|. The origin of load space is on the LS.

Since this LS is a planar ellipse, it has a flat region, the normal to which corresponds
to a state of instantaneous rotation of the slider about the support point ‘a’. It also has
a curved edge (the one defining the ellipse) that has no unique normal. The LS at O due
to contact at some other point or elemental area with some other LC, can also be derived

similarly.

26



27

5.2 Overall Limit Surface Of The Slider By
Minkowsky Summation |

The envelope of the Minkowsky sum of the individual limit surfaces for the points (and
elemental areas) of contact of the slider, is the overall LS for the slider; the Minkowsky
sum of two sets being the addition of each point of one set to every other point of the
other set. The load vector P obtained for some motion vector q at O, after summing the
frictional forces and moments arising at points and areas of frictional contact, can also be
obtained by vectorial summation of the load vectors ps on the individual limit surfaces
(all obtained at the same reference point O) corresponding to the motion vector q at O
for all points and areas of frictional contact.

Counsider points P and P* in the Minkowsky sum of the individual limit surfaces for

the slider, given as:
P=3p P'=3p

where loads p are loads associated with the motion q on the individual limit surfaces
and loads p* are any other loads lying within or on the individual limit surfaces. Since
inequality 4.2 is satisfied at each individual LS, we have:

(p-p*)-q20 (5.1)
And summation of inequalities 5.1 gives:
(P-P")-q20

So load P in the Minkowsky sum, obtained as a summation of loads p from individual
limit surfaces that have an associated motion vector q, satisfies the load motion inequality
with respect to any other load P* in the Minkowsky sum. This implies that:

1. P lies on the boundary i.e. on the envelope of the Minkowsky sum, since P* can
be any other point in the Minkowsky sum, including its envelope.

2. The envelope is closed and convex, and every load P lying on it obeys normality.

3. P is the total load on the slider at O during slip with an associated motion
vector q.

This demonstrates that the envelope of the Minkowsky sum of the individual limit surfaces
yields the overall LS of the slider.

A way of visualizing the Minkowsky summation operation is by understanding that
all it accomplishes is the process of ‘convolution’ of the individual limit surfaces. An
individual LS is chosen and keeping it fixed, the origin of another individual LS (while
keeping its orientation fixed) is slid on the boundary of the fixed LS, and the envelope
of the volume thus swept out, obtained. Then successively the remaining individual limit
surfaces are slid with fixed orientations over the envelopes obtained as a result of the
previous convolution. The overall LS is then the outer boundary of the region swept out
after all the convolutions. For example, the LS shown in fig. 12 for the slider supported
at its two ends, has been obtained by the convolution of one planar ellipse (individual LS
for one point of support) over another (individual LS for the other point of support) while
keeping their orientations fixed.
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5.2.1 TUniqueness Of Decomposition Of Overall Load For
Isotropic Friction
For sliders with a known support pressure distribution and isotropic friction, it can now
be shown that the vectorial decomposition of a given load P on the overall LS of the slider
(obtained as the Minkowsky sum of individual limit surfaces), in terms of loads p lying

on individual limit surfaces, is unique. Suppose that load P (with an associated motion
_vector q) has two alternate decompositions:

P=3p=3p (5.2)

such that p # p* on at least two individual limit surfaces. Equation 5.2 implies that:

2((p-p)-@)=0 (5.3)
Since inequality 5.1 is satisfied at each individual LS, equation 5.3 implies that:
(p-p")-q=0 (5.4)

for all individual limit surfaces. Equations 5.4 can be true only if:

1. p = p* for all individual limit surfaces which contradicts our assumption that
P # p* on at least two individual limit surfaces.

2. q corresponds to the motion vector associated with the flat regions of at least .
two individual limit surfaces. But this would mean that the slider is rotating
about two distinct points of support simultaneously, which is impossible, and
hence p = p* on all individual limit surfaces. '

So we arrive to the conclusion that for isotropic friction, the terms in the summation from
the individual limit surfaces, leading to the load P on the envelope of the Minkowsky sum,
are unique. This uniqueness property is not necessarily true for the models of anisotropic
friction considered here, because q could correspond to loads on the straight edges of
at least two different individual limit surfaces (as stated in condition 2 above) without
implying simultaneous rotation about two distinct points of support.

5.2.2 Non-Uniqueness In The Load Motion Relation Through
Minkowsky Sum

We now investigate the pressure distribution leading to vertices and flat regions on the LS
through the Minkowsky sum.

1. Vertex: Consider a load P (with associated motions q and q') on the vertex of

the LS, given by:
P=Zp=2p' (5'5)

where p and p’ are loads on the individual limit surfaces, with associated motion
vectors q and q respectively. The fact that with isotropic friction the terms
in the summation leading to P are unique and equation 5.5 imply that p = p’
on all the individual limit surfaces. So p = p’ must lie on a vertex on every
individual limit surface, with associated motions q and q'.
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In summary we can say that for sliders with isotropic friction, a certain range of
motions are associated with a vertex on the overall LS, only if they are associated
with a vertex on every individual limit surface for the points of support of the
slider. Reasoning from the orientational properties of individual limit surfaces
for isotropic points of support, we see that such a situation can only occur if all
the support lay along a line. So for isotropic friction, a finite slider has vertices
on its LS only if all its support is confined to a line.

Similarly, for anisotropic friction, there exist vertices on the overall LS of the
slider, if there exist a range of motions that are associated with a vertex on
every individual limit surface, corresponding to each point {or elemental area)
of support. But unlike isotropic friction, due to straight edges on individual
limit surfaces for anisotropic friction, equation 5.5 can also be satisfied for cases
where, p = p' for at least two different individual limit surfaces (non-uniqueness
of decomposition of the sum). Hence, here non-collinearity of support does not
guarantee the lack of vertices on the overall LS for the slider. A four wheeled
cart is an example.

. Flat Regions: Two different summations " p and ¥ p” of loads from individ-
ual limit surfaces, all associated with the motion vector q, with p # p” for
at least one individual LS and hence lying on a flat region (with associated
motion q) for that individual LS; would lead to two different loads P and P”
respectively, both associated with the motion vector q on the LS of the slider.

P=Zp, P”=Zp”, P#P”

Hence P and P” are on a flat region of the LS with motion q.

For sliders with isotropic friction and point supports, the individual LS for each
point of support has a flat region associated with the motion q (and so too the
motion —q), corresponding to rotation of the slider about the point of support
itself. Hence, each point of support contributes two flat facets, equal in size
and paralle] to the individual LS corresponding to this point of support, on the
overall LS of the slider. But if the slider has distributed support, then howsoever
small an elemental area da that we consider, its individual LS would be such
that it has no flat regions. This is because for rotation of the slider about any
point within da, the magnitude of the frictional resistance at that point would
be zero, which is determinate, and the frictional resistance over the rest of da
would be uniquely determinate. So for sliders with isotropic friction, we can
summarize that flat regions only occur on the overall LS, if the slider has point
supports.

Similar reasoning for anisotropic friction shows that, point supports lead to flat
regions on the overall LS. But the presence of only distributed support does not
guarantee the lack of flat regions, again due to straight edges on the individual
limit surfaces. A uniformly supported disk with ideal wheels with their axes
radial to the disk, is an example.

. Straight Edges: As an extension of the arguments given above for the appear-
ance of vertices and flat regions on the overall LS through the Minkowsky sum,
it can be shown that straight edges appear on the three-dimensional LS only
if: (a) at least one of the individual LS has a straight edge and (b) the set of
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motions q corresponding to this straight edge is associated with a vertex on
every other individual LS.

This implies directly that limit surfaces for isotropic friction do not have straight
edges because the individual LS corresponding to a point of isotropic support
does not have straight edges.

5.3 Limit Surfaces Derived From Moment Surfaces

As a direct consequence of equation 4.4, it follows that for sliders with isotropic friction,
their LS can be derived from their MS by differentiation, as shown in examples later.

5.4 Limit Surfaces By Direct Integration (Or
Summation)

The LS for a slider can also be obtained by direct integration (or summation) of the
frictional forces over the contact region for all possible motions, if the pressure distribution
and the friction law allow analytical evaluation of the integrals in equation 2.1, as will be
seen in some examples later.



Chapter 6

Construct'ion Of Moment Surfaces
For Isotropic Friction

From equation 2.2, it can be seen that the MS for a slider with isotropic friction can be
obtained by summing the moments of the friction forces about the COR, for all possible
CORs. For pressure distributions that do not allow easy analytical evaluation of the
integral in equation 2.2, the overall MS can also be obtained by summation of the individual
moment surfaces for each point of support, as shown below.

6.1 MS For Each Point Of Isotropic Support

For each individual point of support ‘a’, with friction coefficient y, and normal force Ng,
the MS plots as an infinite cone in [X,,Y;, M| space, centered at ‘a’ and its generators
making an angle v given by tanvy = 4 N,, with the [z, y.] plane (fig. 15). The cone with
positive m. corresponds to w > 0 for the slider and a similar cone obtained as its reflection
about the [z, y.] plane is the m(z.,y.) function for w < 0 of the slider.

6.2 Overall MS For The Slider

The overall MS for the slider can be obtained by simple summation of superposed individual
moment surfaces corresponding to each point (or elemental area) of support, just as the
overall moment is obtained as the summation of individual moments from each point of
support. The value of the M,(z.,y.) function on the overall MS for the slider, at some
point (z.,y.) in the plane of CORs, is the summation of the values of individual m.(z., y.)
functions at each point of support, all evaluated at (r.,y.).

M(zc,yc) = Z me(Ze, Ye) (6.1)

For sliders with distributed support, the above summation is replaced by an integration.

6.2.1 Vertices And Flat Regions On Moment Surfaces

We now investigate pressure distributions with isotropic friction, that lead to vertices and
flat regions on moment surfaces.

31
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1. Vertex: From equation 6.1 we have that:

VMc(:vc,yc) = Evmc(xc; yc) . (6'2)

where Vm,(z.,yc) is the gradient of the individual MS, evaluated at the point
(zc,ye)-This implies that a non-uniqueness of the gradient on the overall MS at
(z¢,yc) will only occur, if there is a non-uniqueness of the gradient on at least
one of the individual moment surfaces at (z.,yc). Observation of the infinite
cones, which are the individual moment surfaces corresponding to each point (or
elemental area) of support, shows that a slope discontinuity on the individual
MS occurs only for the motion of the slider corresponding to a rotation about
the corresponding point of support.

For distributed support, however, the individual MS for any point within the
region of support contributes no singularity to the overall limit load, because
the normal force NV associated with that point is zero. Again we are led to our
previously known result, that for isotropic friction, rotation about a point of
support corresponds to a vertex on the MS (and a flat region on the LS), and
distributed support guarantees a lack of vertices on the MS.

2. Flat region: Equation 6.2 also implies that a constant gradient VM, for a range
of CORs occurs on the MS, only when Vm, is constant for the same range of
CORs, for each individual MS. From the geometry of the individual moment
surfaces (the cones), we see that a region of constant gradient occurs only along
their generators. Hence a region of constant VM, would occur in situations
where the generators of the individual moment surfaces, lay superposed over
one another. And this can only happen, if all the support for the slider were’
to lie along a line. So we conclude that for sliders with isotropic friction, non-
collinearity of support guarantees a lack of flat regions on the MS (vertices on
the LS).



Chapter 7

Examples Of Limit Surfaces And
Moment Surfaces

We consider below a few simple contact pressure distributions and derive the equations
of their corresponding limit surfaces and moment surfaces (wherever applicable). For
simplicity, the coefficient of friction is assumed to be unity everywhere.

7.1 One Point Of Isotropic Support

For a point of isotropic support with unit normal force located at ry = [raz,7qy], the
moment function and the frictional loads corresponding to a COR at (z.,y.), are given as:

Me(ze,yc) = \/(xc = Taz)? + (Yo — Tay)? (7.1)

Ye — Tay Te — Taz
Fz = 9 Fy = - ’
\/@c = Taz)? + (ye — rav)2 \/(‘rc —Taz)? + (ye — Tay)z
_ raz(raz - QC) + ray(ray — y‘-')
\/(xc - Taz)2 + (yc - ray)z

For —oc0 < Z¢,ye < 00, equation 7.1 parameterizes the MS for the point of support, 1. e.
the cone of fig. 15 and equation 7.2 parameterizes its LS, which is the ellipse of fig. 14
(appendix A.3).

(7.2)

7.2 Two Points Of Isotropic Support

For the unidimensional bar of fig. 10, the M, function and the frictional loads are given as:

M. = \J22 + (ye + 1) + /22 + (ye — 1)? (7.3)
F, = ye +1 Y1
Vai+ e+ 12 a2+ (ye —1)2
F Te

Te
y = - - s
Vet + e +1)2  Jo2 + (yo — 1)?
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_ Ye + 1 _ Yye+1
VEE+ (e +1)2 (a2 + (ye — 1)2

For —oco < z¢, ye < 00, equation 7.3 parameterizes the MS for the bar (fig. 11) and equation
7.4 parameterizes the LS for the bar (fig. 12).

The MS for a slider with n points of support can be obtained in a similar manner by
the addition of the cones corresponding to each point of support. The LS for the slider
can then be obtained by differentiation of the equation for the MS obtained above.

(7.4)

7.3 Two Points Of Asymmetric Isotropic.Support

Consider another unidimensional bar as in fig. 10, with its CM at (0,0), and supported by
normal forces of magnitude 2 and 1 at (0,1) and (0, —2) respectively. For this asymmetric
normal force distribution, the M, function and the frictional loads at the CM are given as:

M, = /22 + (v +2)2 + 2/22 + (ye — 1)2 (7.5)
Fo=——tet? pYel
Ve + (e +2? a2+ (e —1)7
F. Ze 5 Ze

y _ - - ]
VI + @ +2)7 22+ (ye — 1)2

_ 2(2 + yc) + 2(1 - ye)

Ve + (e +2)? 22+ (v~ 1)?
For —o0 < 2.,y < 00, equation 7.5 parameterizes the MS for the asymmetric bar and
equation 7.6 parameterizes its LS.

It is interesting to note that although the LS has all the general symmetries and prop-
erties of isotropic friction (like both loads P and —P being on the LS, and a pure force
load having pure translation as one of the associated motions), the CF and the CT do not
coincide. The CF coincides with the CM of the bar at the origin. The CT is unique and
it coincides with the support point at (0,1). Also, as shown in fig. 16, which shows the

section of the LS on the [F;, M| plane, the pure moment load (corresponding to rotation
about the CT) is less than the maximum moment of the frictional forces.

(7.6)

7.4 Axisymmetric Pressure Distributions

We now consider some examples of axisymmetric pressure distributions (axisymmetric
about a vertical axis passing through the CM of the slider and no point supports) that
lead to limit surfaces that are axisymmetric about the M-axis in load space.

7.4.1 Ring Of Isotropic Support

We consider a uniformly supported thin ring of unit radius (fig. 17) with unit normal
force. Since the pressure distribution is axisymmetric and the friction isotropic leading to
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axisymmetric MS and LS, we only need look at frictional loads corresponding to CORs
located at r. along the X-axis, for 0 < r, < co. The M,(r.) function is then given as:

1 I 1 (I
Mc(rc)=ﬁ/0 \/1+r3—2rccosﬁd¢9=ﬁ/0 \/1+r§—-2rcc050d6‘ (7.7)

0—r
Fy(r)) = =2 e 8,
e Brc II/ \/1+r2—2rcc050

1—r.cosb

M(r) == 7.8
=g ST et ()

Equation 7.7 parameterizes the generating curve for the MS for the ring, a part of
which is shown in fig. 18. Equation 7.8 parameterizes the generating curve for the LS for
the ring of isotropic support and is shown in fig. 19. There are no vertices or flat regions
on either of the surfaces.

For 0 < r. < o0, equation 7.8 parameterizes the section of the LS for the ring on the
(- Fy, M] quadrant of the [F;, M] plane. Manipulation of equation 7.8 reveals that this
curve has the symmetry noted by Ishlinskii et al. [1981] and Voyenli and Eriksen [1985]:

Fi(5) = -M(re), M(z) = ~Fyro) (19)

Hence the complete generating curve for the LS for the ring can be obtained by only
considering values of r, within 0 < r, <1; fig. 19 shows that the generating curve in each
quadrant is symmetric about the line bisecting the quadrant which intersects the curve at
re = 1. As shown in appendix A.4, the mtegrals in equation 7.8 can be obtained as elliptic
integrals.

7.4.2 Disk Of Isotropic Support

Now we consider a uniformly supported disk of unit radius (fig. 20) with unit normal force.
Summing up frictional forces and moments at elemental areas rdfdr over the whole disk,
for CORs located at r. along the X-axis, we get:

1 I .
M(r.) = %/0 /o ry/r? + r2 — 2rr; cos 0dfdr (7.10)

Fy(re) = 2/1 /II r(rcos8 —r;) idr
e Jo \/r2+rg—2rrcc059 ’

rz(r — recos 8)

2
M(r.) == dfdr (7.11)
(re) H/O /0 \/r2 + 12 — 2rr.cosé

Equation 7.10 parameterizes the generating curve for the MS for the disk, a part of which
is shown in fig. 21. Equation 7.11 parameterizes the generating curve for the LS for the
uniformly supported disk and is shown in fig. 22. For nondimensionalizing the curve of fig.
22, the reference length is chosen to be [, = 1/V/2 = pg, if mass is uniformly distributed in
contact region. As shown in appendix A.5, the integrals in equation 7.11 can be obtained
as elliptic integrals.
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7.4.3 Ring Of Radial Wheels

We consider a thin ring that is supported uniformly with ideal wheels which have their
axes radial to the ring, and unit normal force. From the LC for ideal wheels (fig. 7(b)),
we have that the individual LS for each elemental area of contact is then a straight line
in the [F, F}] plane passing through the origin, along the radial direction passing through
the elemental area. The Minkowsky summation of all these individual limit surfaces yields
the overall LS of the slider which is a circle (and its interior) in the [F;, F}] plane of radius
2/11. Despite distributed non-collinear support of wheels, the LS still has vertices and flat
regions.

Note that this LS is the same as that obtained for a point of isotropic support at
the center of the ring with normal force 2/II. Hence the limit surfaces for all sliders with
isotropic support can be obtained by a suitable and equivalent arrangement of ideal wheel
supports.

7.4.4 Ring Of Tangential Wheels

Now we consider a thin ring of unit radius supported uniformly with ideal wheels with
their axes tangential to the ring, and unit normal force. Since the LS is axisymmetric, we
only need consider frictional loads corresponding to CORs located at r. along the X-axis.
For any instantaneous COR (with a positive sense of rotation) lying within or on the ring
(0 < re £1), the total frictional load sums up to be a pure moment given as P = [0, 0, 1].
This leads to a vertex on the LS for the slider at its intersection with the M-axis (fig. 24),
even though it has non-collinear support.

For a typical r. satisfying r. > 1, the distribution of frictional forces is shown schemat-
ically in fig. 23, and their summation leads to:

é i 24/r2 -1
Fy(re) = -2—‘;1-/0 cos 6d6 = _25;“’5 = Ve (7.12)

4 2 2,0 1
M(re) = ﬁ/¢ == (5 — cos l(r—;)) (7.13)

where cos ¢ = 1/r,. From the symmetry of the distribution, it can also be seen that F, = 0.
For r. > 1, equations 7.12 and 7.13 parameterize the generating curve for the uniformly
supported ring with radial ideal wheels, shown in fig. 24.

7.4.5 Ring Of Tangential Wheels With Ratchets

Consider again the uniformly supported ring of unit radius and unit normal force with
ratcheted wheels with their axes tangential to the ring, so that the wheel at each elemental
area of contact jams when its relative slip direction is away from the center of the ring.
For a typical r. between 0 < r. < 1, the distribution of frictional forces is shown in fig. 25,
and their summation leads to:

9 /2 1 201 sin 8
__2 in 0d6 — — 0
Fe(re) o0 Js sin 8 T /;I \/1 +72-2r, cosed
1 1
=>Fz(rc)=—ﬁ+ﬁ=0
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1 cosf —r.
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V1 +r2+2rccos0

Equations 7.14 and 7.15 parameterize the generating curve for the LS of the slider for
0 < r. < 1, where K and E are complete elliptic integrals of the first and second kind
respectively. For a typical r. satisfying r. > 1, the distribution of frictional forces is shown
in fig. 26, and their summation leads to:

sin 8

F. = —— 8df — — dé
#(re / sn / \/ 1+7r2—2r;cosé

1 N 1
Or. Or.

=>Fz(rc)=— =0

cos 8 — __cosb—r.
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re—1 1 1
= Fy(re) = - ];Tc - ﬁE(r_c) (7.16)

9 211 1 —r.cosf
M(r, =—/ df + —— d6
(re) 2L J, 2II/n \/ﬂ.rg_zrccose

1 1+ r.cosé

1 }
=>M(rc)=§—ﬁcos 1(;)+-ﬁ'/0 \/1+r§+2rccos¢9d0
=>M(rc)=——%co —1( )+ (E( )+(i—1)A( )) (7.17)

Equations 7.16 and 7.17 parameterize the generating curve for the LS for the slider
for r. satisfying r. > 1. The complete generating curve for the LS for the ring supported
uniformly by tangential ratcheted wheels is shown in fig. 27. There are no vertices or flat
regions on this LS.



38

7 46 Ring Of Radial Wheels With Ratchets

This time the uniformly supported ring of unit radius and unit normal force has ratcheted
wheels with their axes radial to the ring, so that the wheels jam when the ring rotates
with a positive sense of rotation. For all r¢ lying between 0 < r. < 1, and w > 0, the
slider behaves like a ring of isotropic support and hence the generating curve for the LS is
parameterized as: '

1 cosO
Fyre) == K(r;) — E(r.)) (7.18)
3(re) H/ﬂ vi+ri— 2rccos¢9 ~re)K(re ‘
— recosf 2
M(r,) = = df = =E(r.) (7.19)
(re) H/ \/1+r2 2r.cos 8 o °

For values of r. satisfying r. > 1 and w > 0, the slider behaves partially like a ring of
isotropic support and partially like a ring supported with ideal radial wheels, as shown in
fig. 28. Summing the frictional loads gives:

é i _
Fy(re) = —5= [ sin0df + 2 / cosb-re 49
2 Jg \/1+r§—2rccos¢9
= Fy(r.) = / __cosb-re (7.20)
e H"c y1+ri— 2rcc059 -

1 —rccosﬁ

1
M(rs) = =
(re) H/ v1+7i— 2rccos0

where cos ¢ = 1/r.. Equations 7.20 and 7.21 parameterize the generating curve for the LS
for the slider for r. > 1 and w > 0.

For values of r. satisfying r. > 1 and w < 0, the slider again behaves like a mixture of
isotropic support and radial ideal wheels, but opposite to that with w > 0. Here summation
of frictional loads gives:

(1.21)

cosf —r,

Fy(re) = — /Hsinede 2 /¢ dé
R 2MJo /1 4+ 72— 2r cosf

= F(r) = et Lt _ / cosb-re 45 (7.22)
Or. \/1+7'2—2rcc030
1 —rccosﬁ (7.23)

M(re)=—-=
(re) H/ V3i+ri- 2rcc050

Equations 7.22 and 7.23 parameterize the generating curve for the LS for the slider for
re >21land w < 0. For 0 £ r, <1 and w < 0, the slider behaves like a ring of radial ideal
wheels. The complete generating curve for the LS for the ring with radial ratcheted wheels
is shown in fig. 29.

The notable features of this LS are that it has no points in the negative M half space,
and also that the slider requires a moment and a force for pure translation. It also has
vertices and flat regions.
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7.4.7 Infinite Disk With Tangential Wheels

Imagine an infinite disk supported with ideal wheels with their axes tangential to the disk
and a radially varying (hence axisymmetric) support pressure distribution p(r) (pressure
p(r) at a radial distance r from the center of disk) given by the special relation:

1

p(r) = Or(1 + r2)2 (7.24)

The total normal force on the infinite disk with the above pressure distribution is finite

because: Y Y 0 I
€ €
llg(l) j p(r)2lrdr = }1_13(1) j mdr =3
This infinite disk can be thought of as composed of an infinite number of concentric
rings, each uniformly supported by tangential ideal wheels. Then for a COR located at r.
along the X axis, only the rings with r > r. contribute net non-zero frictional forces, but
all rings contribute frictional torques. Summing up these frictional loads, as for a single
ring, gives us:
re ro
Fy(re) = -4/0 /0 p(r)cos 6rdfdr, cos¢ = Z

Te

4 [reyJri—r2
= Fy(re) = — /0 d (7.25)

T+r2E”
re pII/2 2
‘M(re) = 4/0 /¢ rp(r)rdfdr + /roo/O rp(r)rdfdr

4 [re r r
— — ct— - — 2
= M(re) =1 n/o aray cos( - )dr (7.26)

For 0 < r. < o0, the generating curve obtained from the parametric equations 7.25 and
7.26 is a semicircle (as shown in appendix A.6), which implies that the LS for this infinite
disk is a sphere of unit radius! This LS is the three dimensional analog of the circular LC
for isotropic friction; the frictional load P is constant in magnitude and in the direction of
the motion q.



Chapter 8

Dynamics Of Planar Sliders With
Dry Friction

We now proceed towards the application of our knowledge of the overall frictional load
and motion relation and its LS description to equations 2.3 and 2.4, which govern the
dynamics of planar sliders. Within the framework of the limitations imposed on the load
motion behaviour of the slider due to the load motion inequality, we specifically address
the following two issues: 1) The starting problem, 2) Frictional effects during free sliding.

8.1 Starting Problem

The starting problem deals with finding the motion q associated with a given applied load
P¢, or finding the associated load with a given motion, at first slip. There are two separate

contexts to this problem: quasi-static slipping, and slipping with combined inertial and
frictional loads.

8.1.1 Quasi-Static Slipping

If the velocity of the slider is considered to be low enough so that inertial forces are
negligible and frictional loads dominate, then one assumes that the slider is in static
equilibrium at slip, so that the externally applied load P® = P, the frictional load. With
the LS description, this implies that P¢® is on the LS. If the LS for the slider is known
(i.e. given friction law that satisfies inequality 3.1, and the normal pressure distribution
everywhere over the contacting surface), then the q associated with this P® that does not
violate the slip condition, can be found. Conversely, under the same circumstances, we
can calculate the load on the LS associated with any desired motion q of the slider.

A unique solution to the starting problem cannot be found if P® lies on a vertex of the
LS for the slider, for which there is no unique associated q. Similarly for a desired q that
lies on a flat region of the LS, an associated unique P® cannot be calculated.

8.1.2 Slipping With Combined Inertial And Frictional Loads

If inertial forces are included, then a unique solution to the starting problem can always
be found [as Mason 1985 states without proof], as shown below. At slip under the action
of the load P¢, the resulting motion Q of the slider is in the direction of its acceleration

40
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dQ/dt, if dQ/dt is bounded and continuous, as shown in appendix A.7. So the acceleration
at slip can be expressed as:
dQ |dQ

dt | dt
Assume that for a given P that violates the slip condition, there exist two motions Q;

and Qg for the slider (with associated frictional loads P; and P, respectively), both of
which satisfy dynamic equilibrium (equation 2.4) implying:

Pe_P, = dQ‘ pe_p, = Q2

dt
Subtracting one equation from the other gives:
dQz dQi
— P —_— —— — — . .
P,-P; ( pr 7 (8.1)

P; and P lie on the LS for the slider and obey inequality 4.2; dQ, /dt and dQ/dt are
in the direction of q; and qg respectively; and equation 8.1 imply that:

dQ: dQi (dQz dQ,
p— . P . — > 2
(Pr—Pa) === ( @ a4 ) 2" (8.2)
dQz _dQz (dQi dQg
- . = . - > .
(P2 —P1)- == =3 ( & at )20 (8.3)
Adding equations 8.2 and 8.3 gives us:
dQz dQu dQ2 dQl
- . - < .
(-2 (B2 = e
Equation 8.4 can only be true if:
d d
—‘%l=%=>P1=P2=>Ql=Q2=>Q1=Q2 (8.5)

Equation 8.5 shows that at initiation of slip, with combined frictional and inertial loads,
there is always a unique frictional load and motion relation for the slider, implying a unique
solution to the starting problem. .

8.2 Frictional Effects During Free Sliding

Free sliding of a slider is the motion of the slider under the retarding action of frictional
forces only. We now investigate the nature of this motion as the slider comes to rest. With
Pe = 0, equation 2.4 becomes:

dQ p

dt
which states that the deacceleration of the slider is in the direction of the frictional load. For
simplicity we assume that the supporting surface is completely isotropic and homogenous,
so that the LS of the slider rotates with an angular velocity w in loa.d space as the slider
rotates with an angular velocity w in physxca.l space.

(8.6)
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8.2.1 Eigen Directions As Final Motions

To analyze the evolution of the absolute velocity Q of the deaccelerating slider with time,

we observe the evolution of Qp (the velocity Q of the slider as seen in a referente frame
that rotates with the slider). Then dQ/dt and dQy/dt are related by:

d d
Q_1% . q, o

The governing equation for the evolution of Qy, is given as (from equations 8.6 and 8.7):
d
_?tﬁz_P—wab (8.8)

As the slider comes to a rest, both w and Qy, become very small in magnitude so that
their product is even smaller and can be ignored as compared to —P (for non-zero friction).
So asymptotically as the slider speed approaches zero, the difference between dQ/dt and
dQy,/dt and their governing equations disappears, and we have:

d d
@Q_dQ _ _p (8.9)

dt dt

From appendix A.7 we have that for any slider with bounded and smooth enough
acceleration, the acceleration and velocity are parallel as it comes to rest. Applying this
fact to equation 8.9 leads us to an important result that when the slider comes to rest during
free sliding, its motion Q is parallel to the frictional load P. This implies that the velocity
vector Q comes to rest at only those special points on the LS for the slider (during its
evolution in free sliding) where the direction of P is parallel to the normal q at that point.
A more mathematical reasoning is given in appendix A.8. We call these special directions
in load space eigen directions; they include all extrema of the LS loads.

The simplifying assumption about the isotropy and homogeneity of the supporting sur-
face was used to relate the rate of change of the slider’s velocity in an inertial system dQ/dt
and in a slider fixed coordinate system dQp/dt, through equation 8.7. This assumption
can be relaxed to generalize our result about final motions resting at eigen directions, for
all free sliding planar sliders covered by the LS description in this paper. As for the slider
considered above, the changes in the shape and orientation of the LS due to the motion
of the slider over the anisotropic supporting surface, approach zero asymptotically as the
slider comes to rest (i.e. when the velocities become very small in magnitude). Hence their
final motion is governed by equation 8.9, which implies that it is an eigen direction on the
final LS which characterizes the frictional load motion behaviour of the slider.

8.2.2° Stability Criterion For Eigen Directions

The stability of an eigen direction on the LS is determined by whether free motions of
the slider of very small magnitude in the vicinity of the eigen direction are attracted to,
repelled by, or not affected by it. It is found that the behaviour of small perturbed motions
in the neighbourhood of an eigen direction on the LS and hence the stability of the eigen
direction are governed by the principal radii of curvature of the LS and the frictional load
P at the eigen direction.

For sliders with an axisymmetric pressure distribution and hence an axisymmetric LS,
the determination of the effett of an eigen direction on perturbed motions in its vicinity, on
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the three-dimensional LS reduces to the determination of its effect on perturbed motions
in its vicinity on its planar generating curve. At an eigen direction P on the generating
curve of an axisymmetric LS, the parallel principal radius of curvature (in the plane M =
constant) is |P| [O’Neill 1966], and let the meridional principal radius of curvature (in the
plane of the generating curve passing through P) be p.. Since the parallel principal radius
of curvature equals the load magnitude |P| at the eigen direction, perturbations of motion
along the parallel principal direction are neutrally stable (neither attracted or repelled by
the eigen direction), but this aspect of the motion is not very important for axisymmetric
sliders; this will be clear later on. As shown in appendix A.9, for small perturbations of
motion near P we find that:

1. pc > |P| implies that the perturbed motion is attracted to the eigen direction,
and it is a stable or attracting eigen direction.

2. pc < |P| implies that the perturbed motion is repelled away from the eigen
direction, and it is an unstable or repelling eigen direction.

3. p. = |P|implies that the perturbed motion is not affected by the eigen direction,
and it is a neutrally stable eigen direction.

It can easily be seen that the eigen direction corresponding to a vertex on the generating
curve is always a repeller and the one lying on a straight segment is always an attractor.
Since the generating curve starts and ends on the M axis, is convex and contains the origin,
it has to have at least two loads that are eigen directions, the minimum and the maximum
load respectively. Also, the minimum load is either a stable or a neutrally stable eigen
direction, as shown in appendix A.10.

Proceeding similarly for limit surfaces in three dimensional load space in appendix
A.11, by analyzing the trajectories of motions of small magnitude in the neighbourhood of
an eigen direction P, with associated principal radii of curvature p; and p; (in load space),
we find that:

1. p1,p2 > |P| implies that |P| is a stable eigen direction.
2. p1 or p; < |P| implies that |P| is an unstable eigen direction.
3. p1 = p2 = |P| implies that |P| is a neutrally stable eigen direction.

Again, the fact that the LS is closed, convex and encloses the origin, implies that it has
to have at least two eigen directions, the minimum and the maximum load respectively.
The minimum load is either a stable or a neutrally stable eigen direction. Similarly, the
maximum load is either an unstable or a neutrally stable eigen direction.

8.2.3 Stability Criterion At Non-Zero Velocities During Free
Sliding

It is to be stressed here that the above analysis and criterion for determining the stability
of an eigen direction (based on the governing equation of motion 8.9) depending on the
principal radii of curvature of the LS and the magnitude of the frictional load, are only
valid for the free sliding of the slider with almost zero velocity magnitudes. At finite
non-zero velocities, equation 8.8 is the appropriate governing equation of motion. For non-
axisymmetric bodies, the incorporation of the extra w x Qp, term can change the stability
of an eigen direction from its zero velocity state.



44

8.2.4 Effect Of Change Of Radius Of Gyration On Eigen
Directions

If the radius of gyration py of the slider is changed by altering its mass distribution and the
support pressure distribution is left unaffected, then the LS for the given slider changes
in shape; an understandable concept when one remembers that we use I, = py for non-
dimensionalizing the length for studying the dynamics of the system. Effectively, the LS
is stretched along the M axis by reducing the value of p; (concentrating the mass closer to
the CM) and it is contracted along the M axis by increasing the value of p; (concentrating
the mass further away from the CM). This in turn changes the eigen directions on the new
LS for the slider and also their stability properties.

In fact, as shown for the examples of the uniformly supported ring and the disk, the
final motion (the stable eigen direction) can be varied, by changing the mass distribution,
without changing the support pressure distribution. Also, finite inner and outer bounds
exist for p; beyond which the final motion is a pure translation and a pure rotation about
the CM, respectively.

8.3 Examples Of Free Sliding

As illustrations, we find the final motions of freely sliding uniformly supported rings and
disks and the bar supported symmetrically at its ends. These examples have also been
considered by Ishlinskii et. al [1981]. The uniformly supported ring and disk are subsets
of sliders with axisymmetric pressure distributions and limit surfaces, and are considered
by Voyenli and Eriksen [1985].

8.3.1 Uniformly Supported Ring

For the uniformly supported ring with isotropic friction, unit radius and p; = 1, from
analysis of equations 7.8 and fig. 19, we can conclude the following behaviour for the freely
sliding ring.

1. The frictional load corresponding to a pure rotation of the ring about its center is
an unstable eigen direction. This implies that if the ring is set in pure rotation
about its center, it continues to do so until it comes to rest; no other initial
motion of the ring ends with this motion.

2. Loads corresponding to pure translation of the ring are unstable eigen directions.
This implies that if the ring is set in pure translation in a certain direction, then
it continues to translate along the same direction until it comes to rest; no other
initial motion of the ring ends with pure translation along this direction.

3. Loads corresponding to an instantaneous rotation of the ring about any point
on it, are stable eigen directions; one such stable eigen direction with P =
[0,2/11,2/M] (associated q = [0,1/v/2,1/1/2]) is shown in fig. 19. This implies
that all initial motions of the freely sliding ring, except pure translation and
rotation about its center, end up as rotation about a point on the ring. Hence
the final attracting motion is a pure ‘rolling like’ motion of the ring along a
tangent line.



45

These results agree with those of Ishlinskii et. al [1981] and Voyenli and Eriksen [1985).
Also, from the calculations of appendix A.12, we can infer that any desired motion can
be made to be the final attracting motion for the uniformly supported ring, by varying its
radius of gyration py between 1/ V2 and /2, while keeping its support pressure distribution

unaltered.

1.

In fact, we may summarize that:

For py < 1/+/2, all initial motions of the freely sliding ring end as pure transla-
tioms.

For p; > /2, all initial motions of the ring end as pure rotations about its
center.

. For1//2 < pg < V2, the final attracting motion depends on the value of Py,

and they range from rotations about the center to pure translations.

Due to the axisymmetry of the LS, the contribution of the w x Qp term in the free
sliding analysis of the ring with non-zero velocities, does not change the stability criterion
of the final attracting motion, and all the above results are still valid.

8.3.2 Uniformly Supported Disk

From a similar analysis of equations 7.11 and fig. 22 for the uniformly supported disk with
isotropic friction (unit radius and original p, = 1/v/2), we conclude that for the freely
sliding disk: ’ '

1.

The frictional load corresponding to a pure rotation of the disk about its center
is an unstable eigen direction, which implies that if the disk is set in pure
rotation about its center, it continues to do so until it comes to rest; no other
initial motion of the disk ends with this motion.

Loads corresponding to pure translation of the disk are unstable eigen directions,
which implies that if the disk is set in pure translation in a certain direction,
then it continues to translate along the same direction until it comes to rest; no
other initial motion of the disk ends with pure translation along this direction.

Loads corresponding to an instantaneous rotation of the disk about any point
on a circle centered at its center and radius ~ 0.653, are stable eigen directions;
one such stable eigen direction with P =~ [0,0.616,0.667] (associated q =~
[0,0.678,0.735]) is shown in fig. 22. This implies that all initial motions of the
freely sliding disk, except pure translation and rotation about its center, end up
as rotation about a point on a circle of radius ~ 0.653 drawn on the ring.

These results agree with those of Voyenli and Eriksen [1985] and differ slightly from
the final radius ~ 0.707, reported by Ishlinskii et. al [1981].

From the calculations of appendix A.13, we can infer that any desired motion can be
made to be the final attracting motion for the uniformly supported disk, by varying its

radius of gyration p, between 1/2 and ,/2/3, while keeping its support pressure distribution
9 g

unaltered.

1.

In fact, we may sumimarize that:

For p; < 1/2, all initial motions of the freely sliding disk end as pure translations.
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2. For pg > (/2/3, all initial motions of the disk end as pure rotations about its
center. .

3. For 1/2 < py < 1/2/3, the final attracting motion depends on the value of p,
and they range from rotations about the center to pure translations.

Generally speaking, for sliders with axisymmetric pressure distributions and limit sur-
faces, the final attracting motion for all initial motions during free sliding, is a pure rolling
like motion along a tangent line to a circle (with its center coinciding with the center of
the slider) of some radius. Also due to the axisymmetry of their LS about the M axis
(the rotation axis), the contribution of the w x Qp, term during free sliding due to higher
velocities, does not affect the stability analysis done for eigen directions with almost zero
velocity, and the stability results are unaltered. Note that for the infinite disk with tan-
gential wheels, whose LS is a sphere, every load is a neutrally stable eigen direction, so
that all initial motions continue without changing, until the disk comes to rest.

8.3.3 Bar Supported Symmetrically At Its Ends

As an illustration of a slider with a LS that is not axisymmetric, we investigate the freely
sliding behaviour of the bar uniform bar supported at its ends, shown in fig. 10, a motion
investigated numerically by Ishlinskii et. al [1981]. From the analysis of equations 7.4 and
also the LS drawn in fig. 12, we can conclude that:

1. The load corresponding to a rotation of the bar about its center is an unstable
eigen direction. The bar stops with pure rotation about its center only if it were
set in that motion.

2. Similarly, loads corresponding to pure translations of the bar are unstable eigen
directions too. So the bar stops with pure translation along a given direction
only if it were set in pure translation along that direction.

3. Loads corresponding to instantaneous rotations of the bar about its points of
support are stable eigen directions. So all initial motions of the bar, except
pure translations and rotations about its center, end as rotations about points
of support. In addition, these final motions about a point of support are sus-
tainable for a finite amount of time [Wittenburg 1970], due to the flat region
corresponding to this motion on the LS.

To verify the above conclusions, numerical simulations were done of the evolution of the
motion of the freely sliding bar as it comes to rest, given various initial motions, and some
of their results depicted on the unit motion sphere of fig. 30. The figure shows the evolution
of motion as seen in a slider fixed axes system. An implicit assumption while formulating
the simulation was that the frictional load P varies smoothly (without jumps) during the
simulation. The light curves on the unit motion sphere depict the flow field, along which
various motions of almost zero magnitude approach the stable eigen direction. The dark
line shows the trajectory of evolution of a finite non-zero motion of the bar as it comes to
rest along the stable eigen direction P = [1,0,1] and associated q = [1/1/2,0,1/v/2].

It can be noticed that not only do all initial motions come to rest along a stable eigen
direction, but also their direction of final approach towards this q is nearly unique. It
corresponds to a slight translation along the bar suberposed on the rotation about one
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point. Its apparent physical origin is the centripetal pull of the last moving point on the
point which is about to be the center of rotation. Observe also that although loads on
the [Fy, M] plane are eigen directions, no motions (excepta pure translation or a rotation
about the center) ever come to rest on these, because the inherent g, component is enough
to repel the motions away (equation 8.8).

Once again due to the symmetry of the support distribution and the relative symmetries
of the limit curves for each point of support, the above results are not changed for free
sliding of the bar starting with non-zero velocities.

8.3.4 Bar Supported Asymmetrically At Its Ends

To give another interesting example of an asymmetric pressure distribution, consider a
unidimensional bar as in fig. 10 with its CM at (0,0), supported by normal forces of
magnitude 2 and 1 at (0,1) and (0, —2) respectively, with mass distribution such that
its radius of gyration p, = 4. Then the section of its LS on the [F:, M] plane, non-
dimensionalized by choosing I, = p, = 4, is given by fig. 31. As can be seen in this figure,
the only attracting motion for the bar is rotation about the heavier point of support at
(0,1). Rotation about the other point of support at (0, —2) is no more an eigen direction.
Loads corresponding to pure translations of the bar are still unstable eigen directions.

8.4 Propensity To Rotate About Points Of Support

It has been observed by various investigators including Jellett [1872], Prescott [1923] and
MacMillan [1936] that sliders with isotropic friction have a propensity towards rotating
about points of support. Based on our understanding of the overall load motion relation
through limit surfaces, we can explain this phenomenon roughly as follows.

Point supports on sliders with isotropic friction lead to flat regions on their LS that
might occupy a substantial area of the total surface of the LS. Hence, given a certain
applied load that violates slip, there is higher probability that the corresponding motion
of the slider will be a rotation about a point of support.

Also, for the same reason and the added fact that the principal radii of curvature p;
and p; of the LS at the flat region are p; = p3 = oo, there is higher probability that one
of the loads on it is a stable eigen direction, that attracts other free motions of the slider.
This is observed in the motion of the bar supported at its ends, which stops with rotations
about its points of support. However, all flat regions need not have an attracting eigen
direction as can be seen in the example presented in the previous section where rotation
about the lighter point of support is not an attracting motion.



Chapter 9

Extremum Principles For Frictional
Load Motion Behaviour

Similar to the statements of Moreau [1979] and in analogy with plasticity [Drucker 1954,
Kalker 1971}, we now interpret the load motion inequality 4.2 as an expression of extremum
principles for frictional slip. The inequality can also be written as:

P.q>P*-q (9.1)

The three vectors that appear in the above inequality are: the motion vector q, an associ-
ated frictional load P, and any other load P* lying within or on the LS. Another meaningful
interpretation that can be given to P* is that it is a candidate applied load which does
not violate the slip condition and is not constrained to satisfy equilibrium @ priori. Then
P*.q (the right hand side of inequality 9.1) represents the ‘power released’ into the system
by the candidate load and P - q (the left hand side of inequality 9.1) represents the power
absorbed by the frictional resistance to the slider’s motion. Then inequality 9.1 can be
viewed as effectively stating that:

(power absorbed by frictional > (power released by any candidate
resistance for a certain applied load that does not
motion q of the slider) violate the slip condition,

for the same q)

During slip, with motion q of the slider, the candidate applied load P* must satisfy
equilibrium, P* = P. In doing so, P* automatically satisfies power balance, ‘power ab-
sorbed’ = ‘power released’, or P-q = P*.q. The ramifications of this can be stated in the
form of the following two bound theorems that are complementary to one another. The
first one is analogous to the statement of the ‘principle of maximum plastic work’ (upper
bound theorem) and the second one is analogous to the statement of the ‘principle of path
of least resistance’ (lower bound theorem).

Theorem 1 For a given motion q of the slider, the load P* satisfies equilibrium only if
it i3 such that the scalar product P* - q is mazimized over all candidate P* on or inside the
LS.

Theorem 2 For a given direction n in load space, the motion vector q that satisfies the
constitutive law is that, such that the magnitude of the quantity (P -q)/(n-q) is minimized,
over all possible candidate motions q, and P being an associated load with the candidate
motion q.
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The quantity P* = (P -q)/(n - q) that is being minimized is the load that would be
calculated by balance of power, where P*n - g= power supplied, and P-q= power absorbed.



Chapter 10

Velocity Dependent Behaviour
Arising From Rate Independent
Friction

In an effort to relax the restriction of rate independence that we have imposed on all the
friction laws considered so far, in the following presentation, we construct and introduce
frictional models that show dependence of friction forces on the slip rate between the slider
and the supporting surface, arising from rate independent friction. Some of the models
that we introduce can in fact, be used as basic building blocks for obtaining sliders with
frictional models depicting the rate independent behaviour that we have considered so far.

10.1 Driven Wheels

For simplicity, we start with a uni-dimensional model of ‘driven wheels’ with dry friction.
Assume that the slider is a line (with a fixed orientation on the supporting surface), for
which the only allowable motion is sliding along its length. Also, that it makes contact with
the supporting surface through completely ideal wheels fixed with their axes perpendicular
to this line slider. These ideal wheels are driven independently by motors (or some other
rotary motion source) at all possible speeds V,,, such that —0o < V;, < co.

The normal pressure distribution between the slider and the supporting surface is given
as a function P(V,,) of the driven wheel velocities V,,, rather than the location of the wheels,
since in this uni-dimensional case the location of the wheels is irrelevant in summing up
the frictional force. Also, there is no frictional torque. We can have both point supports
(specified as delta functions for P(V,,) and distributed support.

As an illustration, we consider the support pressure distribution P(V,,) between the
slider with driven wheels and supporting surface, shown in fig. 32. The coefficient of friction
i = 1, everywhere over the slider. Then the friction force F(V') associated with any speed
V of the slider is given as:

F(V) = /‘; P(Vy)dVi, — /V°° P(Va)dVs (10.1)

This is because all the driven wheels on the slider, except for the ones with V,, = V,
are rolling with slip and hence the dry friction force at their point of contact with the
supporting surface is known. Also, the driven wheels with V,, < V slip in one direction
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while the driven wheels with V,, > V slip in the opposite direction. Hence the total friction
forces from both these categories of driven wheels oppose each other.

Applying equation 10.1 to the pressure distribution of fig. 32 gives us that the friction
force F(V), as a function of the slider speed V, is the curve of fig. 33. It can be observed
that the F(V) is rate dependent and also that it is monotonic.

Now we look at the total power D(V'), dissipated to dry frictional forces between the
slider and the supporting surface.

\ o0
D(V) = /_ (V= Va)P(Va)dVe + /V (Ve = V)P(Vip)dVay (10.2)

vy = v/ ‘; P(Va)dVe -V [ > P(Va)dVi

| %4 fore) .
_ / Vi P(Viy)dVi + / Vu P(Vy)dVi
—00 |

v 00
= D(V) = F(V)V — /_  VoP(Va)dVa + /V Vi P(Vy)dVe (10.3)

In equation 10.3, the first term on the right represents the power dissipated to the friction
“force F(V) for moving the slider at speed V; the second term represents the power dissi-
pated by the driving motors that are aided by the dry friction forces; and the third term
represents the power dissipated by the driving motors that work against the dry friction
forces. _
- Differentiating equation 10.2 with respect to V (using Leibnitz’s rule), we get:

aD(V) _ [V 8V = Vi)P(Va) ® 8(Vy = V)P(Va)
2 /_oo 3V Vo + /v 5V Vu

_, 9D(V)
av

Equation 10.4 states that the gradient of the dissipation function gives the friction force,
analogous to the normality property of the limit surface. For the pressure distribution of
fig. 32, the dissipation function D(V') is given by the curve of fig. 34. Observe that D(V)
is a convex curve, which is kind of analogous to the convexity of the limit surface.

= F(V) (10.4)

10.2 Driven Wheels With Continuous Distribution
Of Mounted Ideal Wheels On Their Rim

To add dimensionality to the above model, and to give orientational properties to driven
wheels (through which the slider makes contact with the supporting surface), we add to
these wheels a continuous distribution of massless ideal wheels (not driven) mounted on
their rims as shown schematically in fig. 35. For motion along the axis of this driven wheel,
the mounted ideal wheels begin to roll and hence there is zero corresponding friction force.
These wheels form the building blocks, from which all sliders with ideal wheels considered
earlier, can be replicated.
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10.3 Driven Wheels With Continuous Distribution
Of Mounted Ratcheted Wheels On Their Rim

This model is similar to the one described above, except that the driven wheel now has a
continuous distribution of massless ratcheted wheels (not driven) mounted on their rims as
shown in fig. 35. All the mounted ratcheted wheels roll freely along one direction of lateral
motion of the driven wheel (on which they are mounted) and lock for lateral motion along

the opposite direction.



Chapter 11

Conclusions

Some of the main conclusions of this work are enumerated as follows:

1.

For sliders whose microscopic frictional interaction with the supporting surface
is governed by the maximum work inequality 3.1 (which generalizes Coulomb
friction to include contact with wheels and skates), their frictional load and the
associated motion relationship is completely characterized by a closed, convex
surface in load space, called the limit surface. The LS gives us a geometrical
tool for visualizing and reasoning about the overall frictional load and motion
relation for the slider.

For isotropic friction, the LS can be completely characterized by the moment
surface (moment of the frictional forces about the COR, plotted on the plane
of CORs).

The limit surfaces for sliders with a known friction law and normal pressure
distribution can be constructed through simple methods.

For sliders with isotropic friction, their moment surfaces can be constructed
through simple means too.

Vertices (non-unique motion associated with the load on the vertex) and flat
regions (non-unique load associated with the corresponding motion) on the over-
all LS for the slider, stem from vertices and flat regions on the individual limit
surfaces for each point of support for the slider.

Limit surfaces for sliders with isotropic friction have certain symmetries. In
addition, flat regions appear on them only due to point supports and vertices
are caused only by collinear support. These singularities on the LS correspond
to singularities on the MS. A vertex on the LS corresponds to a flat region on
the MS and a flat region on the LS corresponds to a vertex on the MS.

The motion of the slider at onset of slip due to an externally applied load is
unique if both inertial and frictional loads are considered (a direct consequence
of the load motion inequality 4.2).

The final motion of the sliders during free sliding is always along special direc-
tions called eigen directions; the stability of these eigen directions depends on
the principal radii of curvature of the LS at that point.

The stability of an eigen direction as determined from the near zero velocity
analysis during free sliding may be altered, by finite velocities.

53



10.

11.

12.

11.1

54

The eigen directions for a given slider can be altered by changing its radius
of gyration (changing the mass distribution), while leaving the given normal
pressure distribution unaffected.

For sliders with axisymmetric pressure distributions and limit surfaces, the final
motion is a pure ‘rolling like’ motion on a tangent line to a circle (with its center
at the center of the slider) of some radius. Inner and outer bounds exist on the
radius of gyration of these sliders beyond which their final motion is a pure
translation or a rotation about their center, respectively.

Sliders with isotropic friction have a propensity to rotate about points of sup-
port.

Possible Directions For Future Work

The basic framework developed so far for looking at the overall frictional load motion
relationship could be extended to address many more issues, some of which are stated

below.

Understanding the load motion relationship for cases where some components of

load are prescribed and some of motion, in terms of the load motion inequality
4.2.

Formulating the load motion relation and limit surfaces for sliders moving in
contact (hinged. to one another or slipping against each other). This would
relate directly to manipulation problems in robotics.

3. Allowing the normal loads to vary.

4. Incorporating rate dependent friction models such as those of driven wheels.

5. Experimental verification of results.
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Figure 1: Pictorial View of a Rigid Planar Slider on a Supporting Surface, With Slider
Fixed Axes
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Figure 2: Geometrical Projection Relating Motion Space And The Plane of CORs
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Figure 3: Massless Layer at Interface of Rigid Slider And Supporting Surface
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Figure 4: Elemental Frictional Forces on a Rigid Slider
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Figure 5: Schematic Of An Acceptable Friction Law
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Figure 8: Frictional Contact Between Slider And Supporting Surface Mediated By Castor
Wheels, That Does Not Obey Normality
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Figure 9: Friction Laws That Do Not Obey The ‘Maximum Work Inequality’
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Figure 10: Unidimensional Bar Supported At Its Ends

Figure 11: MS For Bar Supported Symmetrically With Coulomb Friction At Its Ends
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Figure 12: LS For Bar Supported Symmetrically With Coulomb Friction At Its Ends
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Figure 19: Generating Curve For LS For Thin Ring Of Isotropic Friction
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Figure 22: Generating Curve For LS For Disk Of Isotropic Friction

Y

1‘ distribution of elemental
friction forces

N ;
W
\‘5 \

Uniformly supported ring with tangential
ideal wheels
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Figure 28: Distribution Of Elemental Frictional Forces For Uniformly Supported Ring
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Figure 32: Normal Pressure Distribution Between Uni-Dimensional Slider With Driven
Wheels, And Supporting Surface



Figure 33: Friction Force As A Function Of Slider Speed For Uni-Dimensional Slider With
Driven Wheels ‘
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Figure 34: Dissipation Function For The Given Uni-Dimensional Slider With Driven
Wheels
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Figure 35: Driven Wheel With Continuous Distribution Of Mounted Wheels On Its Rim
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Appendix A

A.1 Relation Between Motion Vector And COR

Referring back to figs. 1 and 2, and from the definition of the motion vector q, we have:

_Q _
1= 1q]

From the definition of the COR, we get:

Vz Vy w
(V2+V2+uD)t (V2 +VE+ut)t (VI V) +0?)

or TARY
re = [ze, o] = [:_v_] - [:&‘I_z]
woow Qv Qu

The above is the algebraic relation between q and re, which is also obtained by using the
properties of similar triangles on the construction of fig. 2.

Hence the set of all possible CORs, C € (R? x {+,—-})US! and the motion vectors
q € 5? are related: ’

(R? x {(+,-}HUS* « 5%

A.2- Normal Vector To LS Obtained From Moment
Function

We show here that the unit normal to the LS at a point P(z.,y.), obtained through
equation 4.4, is indeed the motion vector q associated with P(z.,y.). The motion vector
q = [gz, ¢y, qu] corresponding to any COR positioned at ro = [z.,yc] and a positive sense
of rotation is given by:

Ye —Zc 1
(z2+y2 + 1) (22 +y2 +1)F (22 +y2+1)2

From differential geometry, we have that the normal vector N, at a point P(z.,y.) =
(Fe(ze,ye), Fo(ze,ye), M(zc, yc)], on a parametric surface, is given by:

8F,0M OF,0M. OMOF, OMOF, ,F,8F, OF,0F,

N = — — _
I dz. 0y, Oy dz.”" Oz. dy. Oy. Oz, Oz, dy. Oy. dz. ]
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M. M, I*M. M,

= N=( dy? oy? B 3z cye 0T ye

Nyer —Te, 1]

‘ Ye —ZTc 1
TIN] T [ 2 4 o2 3 (22 + 2 (22 4 42 3

‘ (@2 +y2+1)7 (@2 +y2+1)7 (22 +y2+1)7

This shows that the unit normal q, at a point P(z.,y.) on the LS obtained through
equation 4.4, is the motion vector associated with the COR at r¢ = [z, yc].

A.3 LS For Point Of Isotropic Support Is An Ellipse

We show here (by a simple transformation of coordinates using Euler angles) that the LS
obtained for one point of isotropic support (fig. 14) is a planar ellipse. This LS, it may
be recollected, is constructed by mapping the frictional force fa at the contact point ‘e’
corresponding to any direction of slip velocity v, at ‘a’ to an equipollent load vector pa at
O. If the angle made by ry with the X-axis is ®, and the Euler angles [Meirovitch 1970]
given as: precession=®, nutation=0, and spin=0. Then a transformation matrix R can
be obtained as:

cos & sin § 0
R=| —sin®cosB cosPcosf sinf
sin ® sin 3 —cosPcosf cosf

Load P on the LS that is obtained as a mapping of the friction force f, that makes an
angle 6 with r, at ‘a’ is given as:

facos(8 + &)
fasin(6 + ®)
refasin g

PR = RP

fa(l+r )’I sin 6
0

facosb ]

The coordinates of PR as obtained above are the parametric equations of an ellipse in a

plane, with its two semi-axes being f; and f4(1 +r§)11’, parameter 8, which proves that our
LS of fig. 14 is an ellipse.

A.4 LS For Ring Of Isotropic Support As Elliptic
Integrals

As also shown by Ishlinskii et al. [1980], equation 7.8 (parameterizing the LS for the
uniformly supported ring of isotropic friction) can be obtained in the form of elliptic
integrals, by rewriting the expressions for Fy(r.) and M(r.) as follows, and by using the
formulae in Gradshteyn [1980].

cosf —r,

1
F&):—/ dé
IR \/1-{-7'2——27‘(;(:089




77

1
20r.

1
2]17',; / \/1 + 72— 2r.cosf

Lo 2 1-re. 27
= Fy(re) = — 4B + K(1+ <)

= Fy(rc) = —

df

/ \/1 +7rZ - 2rccos<9d9+

= Fy(rc) = '(TDI{(

) (A1)

1 —rccos()

M(r):—/
YT ok \/1+r§-2rcc039

df

1 I 1 1
= M(r.) = — 1+r2-2 0d6 6
(re) 2H/0 \/ e e e ’ 2l /(; \/1+r2—2rccosed
1+ 2 2\/rc
= M(r;) = ”E(l\f—c) T°K(1f_)
C C
= M(r.) = ﬁE(rc) (A.2)

The LS for the ring of isotropic support can be obtained completely from equations
A.l and A.2, for 0 < r. <1, with K and FE being the complete elliptic integrals of the first
and second kind respectively.

A.5 LS For Disk Of Isotropic Support As Elliptic
Integrals

As also shown by Ishlinskii et al. [1980], equation 7.11 (parameterizing the LS for the
uniformly supported disk of isotropic friction) can be obtained in the form of elliptic
integrals, by rewriting the expressions for Fy(r.) and M(r.) as follows, and by using the
formulae in Gradshteyn [1980]. The substitutions of variables s = r/r; and w = 1/s = r¢/r
“have also been resorted to, wherever appropriate.

r(rcosf —rc)

2 1
Fy(re) = = / / dbdr,
y{re) O Jo Jo \/r2 +r2 —2rrcosf '

2 .2
= Fy(re) = ——-———/ / r2 +r2 —2rr2cosf + T 7 dédr
\/r2 + 12 —2rr2cosf

= Fy(rc) = -

2c ‘/01 r ((r + TC)E(?-E) +(re — r)K(i—\_/*_-C_:f)) dr
Szfl)) ds (A.3)

dédr

(r —rccosb)

M(re) = /
(re) = H/ \/7'2-4—1'2 2rr2 cos 8
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7"2—

M= [1r [t rE—2rrEeost Al BTy
- — — r
= M(rc) I [) r/o R T €08 \/7‘2 + 72 —2rricosf

LT (o c—rmzﬁ))

= M(r.) = / ((r + re) E(

M) = 22 [* s (( +1)E( Zf’l)—u—s)K(%)) ds (A.4)

Further simplification is achieved depending on the value of r.. First we consider r. > 1.
Then from equations A.3 and A.4, we have:

47' rc
Fy = —‘TI— A E(S)

2 i
> F, = —4 e (6 + DE(s) + (2 — DK () ?
= F= -2 ((— 08+ (G -nrd)) (4.5)
M= 41’; " (sB(s) + s(s* — 1)K(s))ds
4r} 1 2 2
M= U+ HEE) + - DEE)
+3((4 4+ s1)E(s) + (s? — 1)(4 + 3s%) K(s))
—(E(s) + (s = 1)K(s))]
3
su=(G-oEd GG -vrd) @)

Equations A.5 and A.6 parameterize the LS for the disk for r, > 1. For 0 < r. < 1, we
split up the integration into two parts as:

/01( )dr=/0'°( )dr+/:( )dr:/ol( )ds+/rj( Ydw

Applying this to equations A.3 and A.4 we have:

Fyre)= ~%f 13 (<s+1>E<3+1> (1 - s)K(2E)) ds
L L (B(w) - (1 = w?)K(w)) dw

1

T re — w? w?
= Fy(re) = %ﬁ -~ z—ﬂ (1 o K(w) - 1;3 E(w))
Fy(re) = — ((1+r2)E(rc)+(r ~ 1)K (r.)) (A7)

M(re) = 2’3I&S((s+1)E(,,+1) (1 - s)K(BE)) ds
+4 1 Eeldw



79

8r3  4rd [2(w? - 2) 1—w? | !
= Mlre) =g * om (——wf—E(“’) TR ““’))

Te

. '
M(re) = ~o= (202 = 2)E(re) + (1 = K (re)) (A.3)
Equations A.7 and A.8 parameterize the LS for the disk for 0 < r. < 1.

A.6 Spherical LS For Infinite Disk With Tangential
Ideal Wheels

For an infinite disk with tangential ideal wheels, the individual limit surfaces for the
elemental area of contact would appear as ‘bristles’ centered at the origin of load space
and oriented in every possible direction. If the lengths of each of these bristles is the same
and there is a uniform density of their distribution (for any given solid angle in load space),
then their Minkowsky sum would lead to a spherical LS.

We derive below the pressure distribution p(r) necessary to achieve a spherical LS of
unit radius. From fig. 36, it can be seen that the pressure distribution (leading to equal
length bristles of equal density) must satisfy:

p(r)y/ 1+ r2(20rdr) = 20 sin 6df, tanb = !

T

1 1
= p(r)V1+ P2 (2rdr) = 2y ()
!
= #(r) = Ty

To show that equations 7.25 and 7.26 parameterizing the generating curve for the LS
for the infinite disk with the above pressure distribution, yields a semicircle, we prove that:

Mi(r.) + Ff(rc) =1

IM(r.) OFy(re) »
= M(Tc)——a—r + Fy(rc) Brc =0 (Ag)
Besides, normality of the LS implies that:
OM(re) _, 9F(re) (A.10)

Ore Jre
Substituting equation A.10 into A.9 implies that we have to show:
Fy(re) +reM(re) =0 (A.11)
Simplifying equations 7.25 and 7.26, we have:

re rtan~lr

F Y RS N N A
y(rc)_—nrc,/(; 7'3‘—7’2(1+7‘2) r-= HTC-/O rg_rz T
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2 [T 1
== d

2 [ fre rtan- -t
’Fv(“)*'cM("c):"xE(/ m - S )

crta.n fe rtan
T

E

= Fy(re) + rcM(rc) =0

A.7 Relation Between Velocity And Acceleration At
Start And Finish

If we assume that the acceleration dQ(t)/dt of the slider is continuous, sufficiently smooth
and bounded, then the direction of its velocity Q(¢) is parallel to dQ(t)/dt, both when the
slider just begins to move and when it just comes to rest. If the times at which the shider
just begins to move or just comes to rest are considered as zero, then the velocity at a time
¢ (very small number) away from zero is given as:

at) = [ G

Applying the mean value theorem [Thomas 1985], we get:

Qe) = ¢ dQ(e ), e €0,¢

where c¢ is a constant. The Taylor series expansion of dQ(e*)/dt about dQ(0)/dt, as ¢ — 0
and hence €* — 0, gives us:

dQ() _ 1 (490 | .2Q(0) ~ 9Q(0)
i =g —335'30( & ¢ Tan +'”)~ dt

€*—0

This implies that:
_Q(0)

lim Q(e) = Q0) = ¢,

or Q(0) is parallel to dQ(0)/dt.

A.8 Equilibrium Point For Final Motion During
‘Free Sliding’

We show that for the governing equation 8.9, an eigen direction (P || q) is an equilibrium
point. At an eigen direction, we have:

Q(t) = Q(H)a(®), P() = P(t)q(?) (A.12)
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where Q(t) and P(t) are the magnitudes of Q(t) and P(t) respectively. Substituting these
in equation 8.9 gives: i

dQ(?) dq(t) _ .
(222 + P ) + 2™ 0 (2.13)
Dotting the above equation with q(t) and remembering that q(t) - q(t) = 1, we get:
aQ(t) _ |
—5 = —-P(t) (A.14)

Since P(t) > 0, equation A.14 proves that the magnitude of the motion Q(¢) decreases
monotonically at the eigen direction. Also, substitution of equation A.14 into A.13 gives

that:
dat)
dt ‘
Equations A.12, A.13, A.14 and A.15 prove that an eigen direction is an equilibrium point
for the differential equation 8.9.

=0 (A.15)

A.9 Stability Of Eigen Directions For Generating
Curves For Axisymmetric Limit Surfaces

Counsider the eigen direction P with associated motion vector q on the generating curve in
fig. 37, and look at another load P* (with associated motion vector q*) which is 6P away
from P on the curve. The angle 64 between q* and q and the angle 66 between P* and P
are given as:

_ l¢P| _ l¢P|
o= =T

where p. is the meridional radius of curvature in load space [O’Neill 1985] of the curve at
P. Applying simple geometric reasoning and from equation 8.9, we can conclude:

1. pc > |P| = 66 > 6¢ = q” is attracted to q by P*.
2. pe < |P| = 60 < 6¢ = q* is repelled away from q by P*.

3. pc = |P| = 66 = §¢ = P* is also an ‘eigen direction’ and motions near q are
neutrally stable.

A.10 Presence Of Eigen Directions On Generating
Curves

We now show that loads of minimum and maximum magnitude on the generating curve
are eigen directions and additionally that the minimum load is either a stable or a neu-
trally stable eigen direction. Let the magnitude of the loads on the generating curve be
parameterized as P(§), where 6§ is the angle made by the load P with a reference axis.
Then the angle o between the normal to P and the tangent to the curve at P is given as:

1 dP(8)
TP 4
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But at points of maximum P(6) and minimum P(§),

T:O#a:O

This implies that the maximum and minimum load are ‘eigen directions’.
Also, it can be derived that the meridional radius of curvature p. to the generating
curve at P is given as:

1 PO+ a(45) - po)tge
Pc (P2(9)+ (%)2)3/2

dP(6) cos Lot 1 d?P(6)
de6 p. P(8)  P%*6) d6?

But if P(f) is the minimum load, then:

a0
462

SO=>P¢ZP(9)

This implies that P(f) is either a stable or a neutrally stable eigen direction. Because
of convexity, vertices can only be maximas and never minimas.

A.11 Stability Of Eigen Directions For Limit
° Surfaces

We form a Lyapunov function [Hirsch and Smale 1974] to determine the stability of an
eigen direction on the LS, which is an equilibrium point for the differential equation 8.9.
Consider a motion Q* = @*q* at the load P*, which is in the neighbourhood of the
equilibrium point load P (with associated motion q) on the LS. Then Q* and P* can be
given as:

Q" =Q%(q+4q), P'=P+AP

where q* = q + Aq and AP and Aq are small perturbations (on the LS) from the equi-
librium point load P and motion q respectively.
Substituting the above in equation 8.9 gives us:

d(Q*q)  d(Q*'Aq) _
i T & =-P-AP

Load P being an equilibrium point implies that:

d(Q*q) aQ*
= - = - A.l6
dt P=r="F (4.16)
The above equations give us:

9 hq+ @3- _ap (A.17)

dt dt
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From the geometry of the LS [O’Neill 1966] and normality, we have that:

- _| s O , .
Aq= AP, k= [ 0 ] (A.18)
where x; and k9 are the principal curvatures of the LS in load space at P; and Aq and AP
are expressed in a coordinate system with its principal axes along the principal directions
of curvature. Substituting equation A.18 into equation A.17, and from equation A.16 we
get: :

_PxAP + Q*ﬁd?tp — _AP
dAP _ AP . 1_|m O ,
=>—('1,t—'——(£—lP)6;'; p=LE - = [ 0 po } (A.19)

where p; = 1/«1 and ps = 1/k3 are the principal radii of curvature of the LS at P and
is the 2 x 2 identity matrix.

Now we form the Lyapunov function V(P*) near the equilibrium point P, given as:

V(P*)=[P*-P|= AP (A.20)
dV(P*) 49E. AP AP . AP ‘s
i~ ap - e P5Ep (&.21)

V(P*) is an admissible Lyapunov function since it satisfies the requisite criterion [Hirsch
and Smale 1974] and the sign of dV(P*)/dt, which determines the stability of the equilib-
rium point P depends on p and P, conclusible as follows:

1. p1,p2 > |P| implies that dV(P*)/dt < 0 and |P| is an attracting or stable eigen
direction.

2. p1 or p2 < |P| implies that dV(P*)/dt > 0 and |P]| is a repelling or unstable
eigen direction.

3. p1 = p2 = |P| implies that dV(P*)/dt = 0 and |P| is a neutrally stable eigen
direction. '

The argument leading to equation A.19 is largely due to Jim Papadopoulos [private
communication], who also suggested the following analogy. The limit surface is a slippery
shell on which slides a bead which is attracted to the origin. Equilibrium points for this
bead are eigen directions; stable equilibrium points (minimum radius points) are stable
eigen directions.

A.12 Inner And Outer Bounds On p, For Varying
The Final Motions Of Ring Of Isotropic
Support

We now find the inner and outer bounds for the radius of gyration p; of the ring of

isotropic support and unit radius (original pg = 1), so that the only corresponding stable

eigen directions are the loads associated with pure translation and pure rotation of the
ring about its CM, respectively.
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For calculating the inner bound on py, we need to calculate the radius of curvature p,
of the curve shown in fig. 19 at the Fy axis and equate it to the value of |P| at the F}, axis,
as follows. From the geometry of this curve, we have that:

V() 4 (2my?

: e = li , - =
S T r

When non-dimensionalized with I, = p,, from equation 7.8 we have that:

8 —cosf

1
M =
(s) Hpg/O V1452 —2scosf

dé

I scosf—1
F,(s ds .
v(s) = II V1+ 52 —2scosd

(o) =~y auls) = <2
V1 + 5202 1+ s2pl

. OM(s) i sin? 4 1
lim = Ji =
+=0  Js o2 Ipg Jo (14 s —2scosf)3/2 204
9Fy(s) ssin? 6
lim —2-2 / =
s—0 Js 3-—»0 I 1 + 52 28 cos 9)3/2 dé 0
9qy(s) _ .. sp
2 g ——C9
s—0 Os 35%) (1 + 32p3)3/2
. qu(s) — % Pg
?R Js 31_‘3%) (1 +32p2)3/2 =Py

Substituting the above in equation A.22 and from equation 7.8, we have that:

lim pc—i-= lim |[P|=1

Te—0O0 _pg Pe—0C

So the inner bound on py is 1/ v/2 which implies that for all axisymmetric mass distri-
butions of the unit radius ring of isotropic support, satisfying p, < 1/v/2, the final motion
of the freely sliding ring is a pure translation.

Similarly for calculating the outer bound on pg, we need to calculate again the radius
of curvature p., this time at the M axis and equate it to the value of |P| at the M axis.
Again from geometry, we have that:

(A.24)

3M re 8F¥£r¢2)2
are
hm Pec =
dqy ("C)
Te

'” ”“J@wﬁ>+<a 5
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From equation 7.8 we have that:

. OM(re) .. 1 I —rsin? 4
=1 dd =0
rl:—»o Or. rcEnO Opg Jo (1 +r2—2r.cos 6)3/2
. OFy(rc) / —sin?4 1
L 6 = —=
r1;1—~0 Ore rcEIO OJo (1+47r2—2r;cos 6)3/2 2
. aq«.o(rc) im —TcPg _
rl.:IEIO ar. reZ0 (r2 + ;)2)3/2 -
o 9n(re) _ A _1
re—0 arc re—0 (rg + '0‘3)3/2 Pg

Substituting the above in equation A.24 and from equation 7.8, we have that:

hm Pe=—= = hmOIP[ = pi
re—0 Te— g
= pg = V2 4 (A.25)

Hence the outer bound on py is V2, which implies that for all axisymmetric mass distri-
butions of the ring satisfying p; > V2, the final attracting motion of the freely sliding ring
is a pure rotation about its center.

A.13 Inner And Outer Bounds On pg.For Varying
The Final Motions Of Disk Of Isotropic
Support '

Just like the ring (appendix A.11), we now find the inner and outer bounds on p,; for the
unit radius disk of isotropic support (original p, = %), beyond which the only stable

eigen directions are the loads associated with pure translation and pure rotation of the
disk about its center, respectively.
Proceeding like before, from equation 7.11 we have:

r(rscosf —1)
dédr,
Fy(s) = H/ / V147252 —2rscos¥ T

/ /’ r¥(rs — cos8) d8dr, 3:}_
pr V1417252 — 2rscos b Te
. OM(s) B r3sin? 6 1
lim = lim — / / dbdr = —
=0 Js ”I'% IOpy Jo Jo (14 r2s? —2scos§)3/? r 4p,
. OFy(s) i / r3ssin? 6
.'111—’0 Js _3—-011/ (1+r232_‘)3c059)3/2d6d7‘ =0

= lim p, = = lim |Pl=1

re—00 4 pg Pe—00
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1

Equation A.26 implies that the inner bound for p, is 1/2, i.e. for all axisymmetric
mass distributions of the unit radius disk of isotropic support, satisfying pg < 1/2, the
final attracting motion of the freely sliding disk is a pure translation.

Again, from equation 7.11, we have:

. OM(r.) . 2 1,0 —rer3sin? 8
lim 2 = fim = [ [ dbdr = 0
rems0 Ore por Opg Jo Jo (r?+r2—2rr,cosf)3/? r
. OFy(r.) .. 2 (1 /0 —r3sin? 6
lim 207 _ o 2 / / Bdr = —
remsd Ore 0 T Jo Jo (r? +r2 — 2rr. cos §)3/2 dbdr !
2

=>rlc‘£‘io”°=”9=rli?ioip'=%

2 -

Hence the outer bound on p, is 1/2/3, which implies that for all axisymmetric mass distri-

butions of the disk satisfying p, > /2/3, the final attracting motion of the freely sliding
disk is a pure rotation about its center.
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